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Preface 



The work described in these notes has had a long gestation. It grew out of 
my sojourn at Macquarie University, Sydney, 1986-87 and 1989-90, during 
which time Alan McIntosh was applying Clifford analysis techniques to the 
study of singular integral operators and irregular boundary value problems. 
His research group provided a stimulating and convivial environment over the 
years. I would like to thank my collaborators in this enterprise: Jerry Johnson, 
Alan McIntosh, Susumu Okada, James Picton-Warlow, Werner Ricker, Frank 
Sommen and Bernd Straub. The work was supported by two large grants from 
the Australian Research Council. 
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Introduction 



The subject of these notes is the spectral theory of systems of operators. 
Because ‘spectral theory’ means different things to different workers in func- 
tional analysis, it is worthwhile to first set down how the term is used in the 
present context and the relationship it bears to the spectral theory of a single 
selfadjoint operator. 

The spectrum cf{A) of a single matrix A is the finite set of all eigenvalues of 
A, that is, complex numbers A for which the equation Av = Av has a nonzero 
vector u as a solution. In order to treat linear operators A acting on some 
function space, it is preferable to take <j{A) to mean the set of all A G C for 
which XI— A is not invertible. The most complete spectral analysis is available 
for selfadjoint operators A acting in Hilbert space, for then the linear operator 
A has a spectral decomposition 

A= f XdPA{X) (1.1) 

J (t(A) 

with respect to a spectral measure Pa associated with A. In the case that A 
is an hermitian matrix, the integral representation (1.1) becomes a finite sum 

^ AP^({A}) (1.2) 

AGo'(j4) 

in which Pyi({A}) is the orthogonal projection onto the eigenspace of the 
eigenvalue A. The spectral theory of selfadjoint operators lies at the foundation 
of quantum physics. 

The solution of linear operator equations, such as those that arise in quan- 
tum mechanics, often requires the formation of functions of operators. For 
example, in order to solve the linear equation 

-k Au{t) = 0, ■u(O) = uo, 
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we need to form the exponential t > 0, of A. Because of the importance 
of linear evolution equations, the theory of exponentiating an operator is well- 
understood, but in general, the spectral properties of A determine the types 
of functions f{A) of A that can be formed in a reasonable manner. 

In the case of a selfadjoint operator A, we can take 



f{A)= [ f{X)dPA{\) (1.3) 

Ja{A) 

for any P^-essentially bounded Borel measurable function / : a{A) C. The 
pleasant spectral properties of a selfadjoint operator A are reflected in the 
rich class of functions f{A) of A that can be formed. 

A basic task of quantum mechanics is to find a quantum representa- 
tion f{P,Q) of a classical observable (p,q) ' — > f{p,q) on phase space. Here 
P = is the momentum operator and Q is the position operator of ‘mul- 
tiplication by x'. They satisfy the commutation relation QP — PQ = ihl. 

2 

For example, if H{p,q) = + V{q) is the classical hamiltonian of the sys- 

tem, then H{P,Q) = |^ + V{Q) is the corresponding quantum observable, 
provided that the sum of the two unbounded operators is interpreted appro- 
priately. Although it is known that the structure of classical observables is 
not preserved in the quantum setting for an extensive class of observables /, 
we are left with the problem of forming a function f{P, Q) of a pair (P, Q) of 
operators which do not commute with each other. 

In another context, symmetric hyperbolic systems 



du 



E^. 

t=i 



du 
^ dx4 



= 0 



(1.4) 



of partial differential equations arise in the linearised equations of magneto- 
hydrodynamics [15]. In the case that the matrices Ai, , A„ are hermitian, 
the fundamental solution is the matrix-valued distribution 



1 

(27t)" 






Here the Fourier transform " is taken in the sense of distributions with respect 
to the variable ^ € K". 

Then the fundamental solution / i — > f(Ai, . . . , A„) of (1.4) at time t = 1 
may be viewed as a mapping that forms functions /(Ai,...,A„) of the n 
matrices Ai, ... , A„. The snapshot of the support of the fundamental solution 
at time t = 1 determines the propagation cone of solutions of the initial 
value problem for the symmetric hyperbolic system (1.4). A mapping such 
as / I — > f{Ai,...,A„) will be termed a functional calculus in this work. 
Although the expression is used somewhat loosely, the idea is common to the 
areas in functional analysis just mentioned. 

In the traditional setting of a single operator A, a decent functional calcu- 
lus / I — > f{A) is a homomorphism of Banach algebras: (fg){A) = f{A)g{A) 




1 Introduction 



3 



for two functions /, g belonging to the domain of the functional calculus. In 
the case of a selfadjoint operator A, the domain of the functional calculus 
defined by formula (1.3) is the Banach algebra L°^[Pa) under pointwise mul- 
tiplication. For two operators A\,A 2 which do not commute, there is a choice 
in operator ordering. For example, given the function /(zi, Z 2 ) = Z 1 Z 2 , the op- 
erator f{Ai,A 2 ) could be ^ 1 ^ 2 , ^ 2 ^ 1 , 5 (^i ^2 + ^ 2 ^i) or some other choice 
of weighted operator product. Under these circumstances, the homomorphism 
property fails, but we still use the term ‘functional calculus’. 

In the noncommutative setting of spectral theory considered in the present 
work, there is a shift of emphasis from the algebraic formulation of the spec- 
trum to a more analytic formulation of the ‘joint spectrum’ of operators 
{Ai, . . . ,An) as the underlying set on which the ‘richest’ functional calculus 
/ I — > f{Ai , . . . , An) is defined. From this point of view, the ‘joint spectrum’ of 
matrices {Ai , . . . , A„) associated with the symmetric hyperbolic system (1.4) 
determines the propagation cone of the solution, so it has a natural interpreta- 
tion. For bounded selfadjoint operators, the ‘joint spectrum’ of {Ai , . . . , An) 
can be defined algebraically in terms of commutative objects {Ai,...,An) 
associated with {Ax , . . . , An), see Section 7.1. 

The study of functions of noncommuting operators has been extensively 
developed by V.P. Maslov and co-workers, see [82] for a list of references. 
The calculus of noncommuting operators has fundamental applications to 
the asymptotic analysis of differential equations, quantisation and quantum 
groups. The emphasis in the present work is in a different direction: the 
properties of the support of functional calculi associated with the operators 
{Ai , . . . , An) is examined and the relationship between the nature of the oper- 
ators {Ai , . . . , An) and possible functional calculi is explored. In the case of a 
single operator, this is the traditional domain of spectral theory. The support 
of the ‘natural’ functional calculus is interpreted as the joint spectrum of the 
operators (Ai, . . . , An) and it is in this sense that the work is devoted to the 
spectral properties of systems of noncommuting operators. 

Even for a single bounded selfadjoint operator A, there is a choice between 
the ‘richest’ functional calculus / 1 — > f{A) for / G L°°{Pa) and the functional 
calculus f{A) = functions / with a uniformly convergent power 

series expansion all z G C belonging to the closed unit disk D{r) 

of radius r = || 2 l|| centred at zero. The spectrum a{A) of A is precisely the 
support of the richest functional calculus rather than the closed disk D{r) - 
a set much larger than cf{A). 

When the operators {Ai , . . . , An) commute with each other, a general no- 
tion of joint spectrum relies on ideas from algebraic topology [104], [111], [25]. 
However, for the class of operators treated in this work, such considerations 
are unnecessary (see [76] for a comparison of joint spectra in the commuting 
case) and we can deal with both the commutative and noncommutative set- 
ting simultaneously. Of course, this is at the expense of placing a restriction on 
the combined spectra of the operators {Ai , . . . , An), which should be on (or, 
in Chapter 6, not be too far from) the real axis. Recent work [10] shows how 
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this restriction can be lifted in the Hilbert space setting. Certain ideas from 
algebraic geometry do play a part in Chapter 5 in the context of computing 
the joint spectrum of a system of hermitian matrices. 

The subject of these notes is the generalisation of the spectral theory of 
a single operator to the setting of a finite system of possibly noncommuting 
bounded (or, in Chapter 6, densely defined) operators. There are other means 
by which the program can be realised. The noncommuting variable approach 
is taken in a series of papers by J.L. Taylor [104, 105, 106, 107]. A geometric 
approach in von Neumann algebras is taken in [2]. One could attempt to 
compute the Gelfand spectrum of corresponding commuting objects, see [83], 
[3], [4], [6] and Section 7.1 below. A monograph surveying many results in 
several variable spectral theory has recently appeared [80] . 

Another point of view is to see to what extent the Spectral Mapping 
Theorem for a single operator generalises to a system of operators, especially 
with weak commutativity assumptions - see [74] and [36, 37] for this approach. 

It should be obvious from the description above that the present mathe- 
matical work has its roots in physical applications. Indeed, the spectral theory 
of a single selfadjoint operator was developed by J. von Neumann [113] in order 
to put quantum mechanics on a firm foundation. The names of the mathe- 
matician H. Weyl and the physicist R. Feynman recur in this work. Both were 
motivated by problems in quantum physics. 

In [115], H. Weyl proposed the functional calculus 

2tt ^ 

as a quantisation procedure sending the classical observable / on phase space 
to the quantum observable f{P, Q). Although a real valued function is mapped 
to a selfadjoint operator, a nonnegative observable need not be mapped to a 
positive operator, that is, a quantum observable whose expectation values are 
nonnegative; from this point of view, the procedure is physically unrealistic 
except for a limited class of classical observables. 

An operational calculus for systems of noncommuting operators was pro- 
posed by R. Feynman [28] with a view of applications to quantum electrody- 
namics. The idea is to attach time indices to the operators concerned, treat 
the resulting operator valued functions as commuting objects in functional 
calculations and, at the end of the day, ‘disentangle’ the resulting expressions 
by restoring time-ordering in which operators with earlier time indices than 
other operators act first. The connection with Weyl’s calculus was fleshed out 
by E. Nelson [83]. 

A natural approach to forming functions f{A) of a single bounded linear 
operator A is to apply the Riesz-Dunford formula 

f{A) = ^J^ici-A)-^f{(:)dc 






(1.5) 
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to a function / holomorphic in a neighbourhood of the spectrum a (A) of A 
and a suitable closed contour C about cr{A). Although this approach can be 
generalised to systems A = {A \, . . . , A„) of commuting bounded linear oper- 
ators and holomorphic functions defined in C" by defining the joint spectrum 
in terms of the Koszul complex [104], [111], a different line is taken in these 
notes. 

Clifford analysis also possesses an analogue of the Cauchy integral for- 
mula in one complex variable for higher dimensions. The Clifford algebra 
C(„) is a complex algebra with unit eg, generated by n anti-commuting vectors 
ei, . . . , e„. A function f(xo,xi, . . . , x„) of n -I- 1 real variables xq,xi, . . . , x„, 
with values in C(„) and satisfying Df = 0 for the operator 



n 

E O 

j=g ^ 



is called left monogenic. The Cauchy integral formula takes the form 



f{x)= ( Gy{x)n{y)f{y)dfi{y), x € f2. (1.6) 

Jan 

Here / is left monogenic in a neighbour hhood of 17, where 17 is a bounded 
open subset of with smooth oriented boundary dfi and outward unit 

normal n{y) at y G dfi. The surface measure of dfi is denoted by /r. The 
Cauchy kernel 



= j;: |y - (1.7) 

with Sn = 27t ^ /r the volume of unit n-sphere in is the ana- 

logue of the normalised Cauchy kernel ~ iii complex analysis. The 
theme of the present notes is to form functions f{Ai, . . . , A„) of n operators 
Ai,. An via the formula 

f{Ai,...,A„) = f Gy{Ai,...,An)n{y)f{y)d^j,{y), (1.8) 

Jan 

which arises by analogy with the Riesz-Dunford formula (1.5). The principal 
difficulty is making sense of the function x i — > Gx{Ai, . . . , An) and deter- 
mining its singularities, the collection of which may be viewed as the joint 
spectrum of the system (Ai, . . . , A„) of operators. Along the way to realising 
this idea, we shall make contact with the Weyl functional calculus for n op- 
erators, Feynman’s operational calculus and the fundamental solution of the 
symmetric hyperbolic system (1.4). 

It may seem somewhat surprising that Clifford analysis should be a tool in 
the analysis of the spectral theory of systems of operators. These notes grew 
out of a desire to bring together the seemingly disparate streams of thought I 
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have been exposed to over the years by my friends and colleagues. On the one 
hand, A. McIntosh has been an enthusiastic proponent of Clifford techniques 
in harmonic analysis and the solution of irregular boundary value problems 
in partial differential equations [73]. A connection with Weyl’s calculus ap- 
pears in joint work with A. Pryde [75], [87], [88], [89]. On the other hand, 
the joint work of G.W. Johnson and M. Lapidus [59], [60], [61] and G.W. 
Johnson with myself [48], [49], [50], [51] shows the connection of Feynman’s 
operational calculus with the monogenic functional calculus for systems of 
operators described in these notes. 

Feynman viewed his operational calculus as a procedure to invoke when 
the Feynman integral, as such, cannot be applied. Indeed, there is an allusion 
to Clifford analysis techniques in [28, Appendix B, p. 126]: The Pauli matrices 
(times i) are the basis for the algebra of quaternions so that the solution of such 
problems [concerning functional calculi] might open up the possibility of a true 
infinitesimal calculus of quantities in the field of hypercomplex numbers. In the 
point of view set out here, for the Pauli matrices ai, U 2 , <J^, the key property 
needed for the construction of a joint functional calculus by the method of 
these notes is that they are selfadjoint, so that ^iCTi -I- ^2172 + £, 3(73 has real 
spectrum for all £ = {£i,£ 2 ,£ 3 ) & Even if the n operators Ai, . . . , A„ do 
not have real spectra, it is enough to require that the spectrum of the operator 
£j^j i® contained in a fixed sector in C for all £ G M" in order that the 
functional calculus described here should exist. 

It is by utilising the underlying real-variable characteristics of Clifford 
analysis of monogenic functions defined in ]R"+^ and the spectral properties 
of the operators Ai,. . . ,A„ that we can bypass homological considerations of 
[104], [111], [25], leading to a rather straightforward approach to forming func- 
tions of systems of noncommuting operators. Even in this restricted setting, 
there is considerable scope for investigating the properties of joint functional 
calculi and their relationship with quantisation procedures and the geometric 
analysis of the support of solutions of the hyperbolic system (1.4) of partial 
differential equations. 

A more detailed description of the contents of the present notes and the 
connection with the work of these authors follows. 

The background to Weyl’s functional calculus is given in Section 1 of 
Chapter 2. A unitary representation of the Heisenberg group is used to form 
functions a{D,X) of position X and momentum operators D in quantum 
mechanics on M". The same idea works for a system A = (Ai, . . . , A„) of 
n bounded linear operators on a Banach space provided that the right ex- 
ponential growth estimates (2.2) are satisfied and this is described carefully 
in Section 2 of Chapter 2, from work of E. Nelson [83], M. Taylor [108], 
R.F.V. Anderson [7], [8] and A. Pryde [88]. The joint spectrum "i{A) of A is 
simply the support of the Weyl functional calculus Wa ~ an operator valued 
distribution with compact support. 

For n = 1, a single bounded linear operator A satisfies the exponential 
growth estimate (2.2) precisely when it is a generalised scalar operator with 
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real spectrum [23]. Such operators may be viewed as generalisations of self- 
adjoint operators for which spectral measures are replaced by spectral distri- 
butions. 

Chapter 3 sets down the background in Clifford analysis, such as the 
Cauchy integral formula (1.6), needed to construct a functional calculus for 
operators. Most of the material here is from the monograph [19]. Other impor- 
tant formulae include the monogenic representation of distributions (Theorem 
3.3) and the plane wave decomposition of the Cauchy kernel (Proposition 3.4). 
Proposition 3.6 gives an approximation result for real analytic functions with 
a proof due to F. Sommen. 

A natural way to construct the Cauchy kernel for an n-tuple A = 
(Ai, . . . ,An) of mutually commuting operators with real spectra is to adapt 
formula (1.7) in the time-honoured way by replacing the vector x S K" by the 
n-tuple A and writing 

\ -(n-ei)/2 

+ , ( 1 - 9 ) 

for all y = {yo,yi, ■ ■ ■ ,yn) € with yo yf 0. Then the Cauchy kernel 

y I — > Gy (A) will have singularities on the set 



Gy{A) = — 




7 (A) = <^ (0,2/i,...,j/„)gK"+i :0 



€ <J 






( 1 . 10 ) 



This is the basic idea of the paper [75] of A. McIntosh and A. Pryde. If n is 
odd, then formula (1.9) is readily interpreted and a functional calculus may 
be constructed via the Riesz-Dunford formula (1.8). If n is even, it is not clear 
how the fractional power should be interpreted. 

Chapter 4 examines this problem from two viewpoints. If A satisfies the 
exponential growth estimates (2.2), then Gy{A) may be defined as WA{Gy) for 
all y G R”+^ outside the support 7(A) of the Weyl functional calculus Wa- 
The observation that the operator valued distribution Wa may be passed 
from outside the Clifford version of the Cauchy integral formula (1.6) into the 
integrand verifies the Riesz-Dunford formula (1.8). It is proved in Theorem 4.8 
that 7(A) is exactly the set of singularities of the Cauchy kernel y 1 — > Gy{A). 
Section 4.1 is based on [53]. Unlike formula (1.9), it is not necessary to assume 
that A consists of commuting operators. 

On the other hand, the original motivation for the study of the representa- 
tion (1.8) was to treat the (commuting) unbounded operators of differentiation 
on a Lipschitz surface - a system of operators that does not satisfy the ex- 
ponential estimates (2.2). Soon after the work [75], A. McIntosh realised that 
the plane wave decomposition of the Cauchy kernel [103] could be used prof- 
itably in the present context. Sections 4.2 and 4.3 are based on joint work 
[54] of the author with A. McIntosh and J. Picton-Warlow and represent the 
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Cauchy kernel y i — > Gy (A) in terms of the plane wave formula. Rather than 
the the exponential estimates ( 2 . 2 ), what is essential here is the condition 
(4.10) that real linear combinations of Ai, . . . ,An should have real spectra. 
It is not necessary to assume that the bounded linear operators Ai,. . . ,An 
commute with each other. Now the joint spectrum 7 (A) is defined to be the 
set of singularities of the Cauchy kernel y 1 — > Gy{A). 

A basic property of the notion of a ‘spectrum’ of an operator or system of 
operators is that disjoint components should be associated with projections 
onto subspaces left invariant by the system. That the joint spectrum 7 (A) 
enjoys this property is proved in Section 4.4 by appealing to formula (1.8). The 
result is actually a consequence of a general version of the noncommutative 
Shilov idempotent theorem [4, Theorem 4.1] proved by E. Albrecht, but the 
Clifford analysis techniques used in Section 4.4 are natural in the present 
context . 

Chapter 5 exploits the complementary viewpoints of the joint spectrum 
7 (A) for a system A = (Ai, . . . , A„) of matrices as the set of singularities of 
the Cauchy kernel G(.)(A) and as the support of the Weyl functional calculus 
Wa- For matrices, the spectral reality condition (4.10) is equivalent to the 
exponential growth estimates (2.2) necessary for the existence of the Weyl 
functional calculus Wa- This is proved in Section 5.2 following [44] although, 
in another language, the result is known from the techniques of partial dif- 
ferential equations, see [58, p. 153]. An explicit formula for Wa due to E. 
Nelson [83, Theorem 9] is proved in Section 5.1 for the case that Ai, . . . , A„ 
are hermitian N x N matrices. The proof is based on [42]. 

The ‘numerical range’ of the system A enters into Nelson’s formula. Let 
S'(C^) = {u G : |m| = 1} be the unit sphere in C^. The numerical range 
map Wa ■ S{C^) K” is defined by 

Wa ■ u I — > {{Aiu, u),. {AnU, u)), uG S{C^), 

with ( • , • ) representing the inner product of C^. The range of Wa is the 
‘generalised numerical range’ of the system A. For the case n = 2, the range 
of the map Wa is just the usual numerical range of the {N x N) matrix 
Ai -|- i A 2 . Differential properties of the numerical range map and their rela- 
tionship to spectral properties of the matrix Ai -|- iA 2 are studied in [38] and 
[63]. The matrix valued distribution Wa is written out in Theorem 5.1 as a 
matrix valued differential operator acting on the image fiA = 1^0 W^^ of the 
uniform probability measure ly on S{C^) by the numerical range map Wa- 
An alternative representation of the Weyl calculus Wa is based on formulae of 
Herglotz-Petrovsky-Leray [11] for the fundamental solution of the symmetric 
hyperbolic system (1.4), but the image measure 11 a is not a feature of this 
representation. 

An explicit calculation of the joint spectrum 7 (A) of a pair A = (Ai, A 2 ) 
of hermitian matrices is made in Section 5.3, following the approach of [56]. If 
the matrices Ai and A 2 commute with each other, then 7 (A) can be identified 
with the finite set of eigenvalues of the normal matrix Ai-|-tA 2 , otherwise 7 (A) 
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exhibits complicated geometric structure. In general, the numerical range of 
the matrix Ai + iA 2 is the convex hull of certain algebraic plane curves, also 
associated with singularities of the numerical range map [63]. Then the joint 
spectrum ^{A) is exactly the numerical range of the matrix Ai-\-iA 2 , possibly 
omitting some regions bounded by the algebraic plane curves. These omitted 
regions are called lacunas. A brief summary of ideas related to numerical range 
and algebraic curves is given in Subsection 5.3.1. 

Theorem 5.24 gives a geometric characterisation of the joint spectrum 
7(A) and so, the support of the matrix valued distribution Wa, for a pair 
A of hermitian matrices. If the hermitian matrices Ai, A 2 commute, then as 
mentioned above, the joint spectrum 7(A) is a finite set, otherwise it has 
nonempty interior. 

The proof is achieved by obtaining explicit formulae for the Cauchy kernel 
Gy (A) from its plane wave decomposition by the method of residues. The 
symmetric hyperbolic system (1.4) with n = 2 is of importance in magne- 
tohydrodynamics. A different plane wave decomposition for the fundamental 
solution of (1.4) is used in [15] and [16] to obtain essentially the same result. 
With a suitable amount of mathematical translation one direction of Theorem 
5.24 can also be deduced from the results of [11] and [12], but the hermitian 
character of our system does not figure in these works. The proof given here 
demonstrates that the plane wave decomposition for the Cauchy kernel Gy {A) 
can be a useful tool to determine the support of the Weyl calculus Wa and 
it is the natural definition of Gy (A) in case the exponential growth estimates 
(2.2) fail. 

An explicit calculation of 7(A) for a pair A of simultaneously triangu- 
larisable {N x N) matrices with real eigenvalues is made in Section 5.4. If 
D is the pair of diagonal matrices obtained from the ordered eigenvalues of 
A, then Nelson’s formula applies to the image measure /id which, generically 
for N > 3, has a continuous, piecewise polynomial density with respect to 
two-dimensional Lebesgue measure. The distribution Wa is zero on the poly- 
nomial parts of fin but may have support on the bounding segments. Unlike 
the case for hermitian matrices, the joint spectrum 7(A) may have empty 
interior without being a finite set. 

The situation for an n-tuple A = (Ai, . . . , A„) of matrices satisfying the 
spectral reality condition (4.10) is briefly considered in Section 5.5 for even 
integers n, following the ideas of Atiyah, Bott and Carding [11]. The plane 
wave decomposition of the Cauchy kernel Gy (A) yields a representation of the 
real analytic parts of the distribution Wa away from the wave front surface 
W (A) of A calculated from the polynomial 

The representation of Wa involves rational integrals over certain (Petrovsky) 
cycles in the {n — l)-dimensional complex projective space CP"“^. The ele- 
mentary argument of Section 5.3 in the case n = 2 can now be interpreted in 
terms of the vanishing of Petrovsky cycles in CP. 
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Chapter 6 is based on [45], [46], [47] and returns to the original motivation of 
A. McIntosh for applying the plane wave decomposition of the Cauchy kernel 
to the definition of Gy (A). Up until this point, it has been assumed that A 
consists of bounded linear operators acting on a Banach space and satisfying 
either the exponential growth estimates (2.2) or the weaker spectral reality 
condition (4.10) (which, by virtue of Theorem 5.10, is equivalent to (2.2) 
for systems of matrices). The plane wave formula for Gy (A) still works if 
A consists of unbounded operators whose spectra are contained in a fixed 
sector in the complex plane and satisfy uniform resolvent estimates outside 
the sector. The commuting system of directional derivatives on a Lipschitz 
surface form such an example not satisfying (2.2). Then functions f{A) of 
the system A of unbounded operators can be formed by formula (1.8) for left 
monogenic functions / with suitable decay at zero and infinity in a sector in 
]gn+i, gygjj jf elements of A do not commute with each other. 

Subject to the spectral reality condition (4.10), functions f{A) of the 
system A were formed for real analytic functions / defined in a neighbourhood 
of 7(A) C K" simply by extending / monogenically from an open subset of M" 
into an open subset of Once 7(A) is a closed unbounded set contained 

in a sector in it is not obvious which real analytic functions will actually 

extend monogenically ofFM" into an open subset of containing the joint 
spectrum 7(A). 

Viewing C G C" as a commuting n-tuple of multiplication operators in 
the Clifford algebra C(„), it is shown in Section 6.3 that associated with any 
uniformly bounded left monogenic function / defined in a sector in there 

is a uniformly bounded C(„)-valued holomorphic function C 1 — > /(C) defined 
on related sectors in C". The association is by analytic continuation of the 
restriction of / to M", onto sectors in C", so the mapping / 1 — > / is surely 
one-to-one. It is not so obvious that every bounded holomorphic function b is 
obtained in this way. 

In Section 6.4, it is shown that b = f for the left monogenic function / 
defined by the formula 




For each t > 0, the function <Pt has decay at zero and infinity and b.i<Pt is 
the left monogenic extension of the product function b.(!>t from M" to a sector 
in The proof uses Fourier analysis and the methods are restricted to 

regions consisting of sectors in K”+^ and C". An approach using Clifford 
wavelets [78] may prove useful for regions with more complicated geometry. 

Once the commuting n-tuple A = (Ai, . . . , A„) satisfies ‘square function 
estimates’ in a Hilbert space, we show in Section 6.5 how the Cauchy integral 
formula (1.8) is used to form operators b{Ai , . . . , A„) when 6 is a uniformly 
bounded holomorphic function defined on a suitable sector in C". The treat- 
ment applies to differentiation operators on a Lipschitz surface and leads to 
a proof of the boundedness of the Cauchy integral operator on a Lipschitz 
surface. The details of the proof are only sketched here, see for example [72], 
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[73], but the example illustrates that the Clifford analysis techniques outlined 
in these notes have diverse applications to operator theory involving several 
real variables. A Clifford wavelet approach to the boundedness of the Cauchy 
integral operator on a Lipschitz surface appears in [78]. 

Chapter 7 returns to ideas related to the Weyl functional calculus con- 
sidered in Chapter 2. Following work of E. Nelson [83] and E. Albrecht [4], 
Section 7.1 starts by examining to what extent the joint spectrum 7 (A) of 
an n-tuple of bounded selfadjoint operators can be considered as the Gelfand 
spectrum of a certain commutative Banach algebra of ‘operants’. 

It is possible to index whole families of functional calculi for systems A — 
(Ai, . . . , An) of operators by probability measures /x = (/ii, . . . , /x„) that keep 
track of operator ordering. The approach grew out of heuristic ideas advanced 
by R. Feynman [28] from his consideration of evolving quantum systems, and, 
in particular, from his work on quantum electrodynamics [27]. He regarded 
his operational calculus as a kind of generalised path integral (more detail 
regarding Feynman’s heuristic ideas can be found in [48] and in Chapter 14 of 
[61]). The basic ideas are as follows: time indices are attached to keep track 
of the order of operations in products. Operators with smaller time indices 
are to act before operators with larger time indices no matter how they are 
placed on the page. With time indices attached, functions of the operators 
are formed just as if the operators were commuting. Finally, the operator 
expressions must be restored to their natural order or ‘disentangled’. 

Following joint work of the author with G.W. Johnson [50], [51], Feynman’s 
ideas are implemented in Section 7.2 by assigning a measure on the set of 
time indices to each of the operators. These measures determine a particular 
operational calculus and the operational calculus may well change when the set 
of measures changes. In the case that the measures are all equal, we obtain the 
equally weighted functional calculus, which, in the case of selfadjoint operators 
acting on Hilbert space, coincides with the Weyl functional calculus examined 
in Chapter 2. 

Once the exponential growth estimate (2.3) is replaced by the analo- 
gous ‘disentangled’ exponential growth estimate (7.13), many of the argu- 
ments concerning the Weyl calculus hold for Feynman’s /x-operational calcu- 
lus the /x-Cauchy kernel G^(y,A) := lF^,A(G^(y, •)) is defined and its 

set 7 ^(A) of singularities - the fi-joint spectrum of A ~ coincides with the 
support of the operator valued distribution (Theorem 7.10). The oper- 
ator ffi{A) := 1F^,a(/) has a representation via the Riesz-Dunford integral 
formula (Proposition 7.9). 

In a similar fashion, the spectral reality condition (4.10) is replaced by a 
condition on the analytic continuation of ‘disentangled’ resolvents (Definition 
7.13), automatically satisfied if, for example, A consists of bounded selfadjoint 
operators and /x is any n-tuple of continuous Borel probability measures on 
[0, 1]. At this stage, the rest of the procedure for constructing the Cauchy ker- 
nel G^(y, A) from the plane wave decomposition of G(y, x) and a /x-functional 
calculus for A is familiar and the notes end here. 
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Weyl Calculus 



In the case that a system A = {Ai , . . . , An) of n bounded linear operators 
satisfies growth estimates for exponentials of the operators, functions f{A) of 
A can be formed by a type of Fourier inversion. The mapping / i — > f{A) is 
called the Weyl functional calculus. The basic idea and properties of the Weyl 
calculus are outlined in this chapter before considering systems A for which 
the growth estimates for exponentials may fail. 



2.1 Background 

In this section, the original motivation for the introduction of Weyl’s func- 
tional calculus is described. 

In Hamiltonian mechanics over phase space K^", states are represented 
by elements (p,q) of with p = (pi, . . . ,p„) the momentum vector and 
q = {qi, . . . , qn) the position vector. For a system of k interacting particles in 
three dimensional space, we would take n = 2>k. Observables are represented 
by functions / : ^ K, so that f{p, q) is the result of the observation 

of the state (p, q) . One distinguished observable is the Hamiltonian function 
H : ^ M by which the equations of motion 

dH dH 

P = = ~A~ 

oq op 

are represented. A more general discussion would involve symplectic manifolds 
of dimension 2n, but for the present purpose it is enough to consider K^". 

The Poisson bracket {/, g} of two smooth observables / : ^ M and 

g : ^ M is the new observable defined by 

If x = 

dq.dpj- 

If the coordinate functions are denoted by Pj, Qf. for j,k = 1, ... ,n, then 
their Poisson brackets are given by 



B. Jefferies: LNM 1843, pp. 13-25, 2004. 
(c) Springer- Verlag Berlin Heidelberg 2004 
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{Pj,Pk} = Uj,Qk} = 0, {PpQk} = ^jk- 

By comparison, in quantum mechanics over K", the position operators 
Qj = Xj of multiplication by correspond to the classical coordinate ob- 
servables Qj and the momentum operators Pk corresponding to the coordinate 
observables P/. are given by Pk = HDk = The canonical commutation 

relations 

[Pj,Pk] = [Qj,Qk] = 0, [Pj,Qk] = -Sjkl 

hold for the commutator [A, B] = AB — BA. 

In both classical and quantum mechanics, the position, momentum and 
constant observables span the Heisenberg Lie algebra over The 

Heisenberg group iJ„ corresponding to the Lie algebra is given on 
by the group law 

{p, q, t){p, q, t') = (^p + p,q + q, t + t' + ^{pq' - qp)^ . 

Here we write for the dot product of ^ G C* with the /c-tuple 

a = (ai, . . . , Uk) of numbers or operators. Set D = {Di , . . . , Dn) and X = 

The map p from iT„ to the group of unitary operators on L^(]R") formally 
defined by p{p, q, t) = Q>-{pD+qX+ti) jg unitary representation of the Heisen- 
berg group Hn- The operator g^(pD+qX+ti) j function 

X I — > -I- p). 

If /(?) = /R 2 n e““^/(a;) dx denotes the Fourier transform of a function 
/ G the Fourier inversion formula 

/(x) = (2^)-2" / 

jR2n 

retrieves / from its Fourier transform / in the case that / is also integrable. 

Now suppose that a : ^ C is a function whose Fourier transform a 

belongs to Then the bounded linear operator a{D, X) is defined by 

(27r)“^" / p{p, q, 0) d {p, q) dpdq = {2Tr)~'^'^ [ d{p, q) dpdq. 

7r 2" jR2n 

The Weyl functional calculus a i — > cr(D, X) was proposed by H. Weyl [115, 
Section IV. 14] as a means of associating a quantum observable (j(Z 3, X) with 
a classical observable ct. Weyl’s ideas were later developed by H. J. Groenewold 
[34], J.E. Moyal [79] and J.C.T. Pool [86]. 

The mapping cr i — > a{D, X) extends uniquely to a bijection from the 
Schwartz space 5'(R^") of tempered distributions to the space of continuous 
linear maps from 5(K") to 5'(K"). Moreover, the application cr i — > cr(D,X) 
defines a unitary map from onto the space of Hilbert-Schmidt oper- 
ators on L^(R") and from into the space of compact operators on 
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L^(R”). For a,b G C", the function <t(^, x) = (a^+bx)’^ is mapped by the Weyl 
calculus to the operator a{D, X) = {aD + bX)^ . In the expression a{D, X), 
the monomial terms in any polynomial cr(^, x) are replaced by symmetric op- 
erator products. Harmonic analysis in phase space is a succinct description of 
this circle of ideas exposed in [29] . 

On the negative side, the Poisson bracket is mapped by the Weyl calculus 
to a constant times the commutator only for polynomials x) of degree 
less than or equal to two. Results of H.J. Groenewold and L. van Hove [29, 
pp 197-199] show that a quantisation over a space of observables defined on 
phase space and reasonably larger than the Heisenberg algebra hn is not 
possible. A general discussion of obstructions to quantisation may be found 
in [33]. Although <r{D, X) is a selfadjoint operator for reasonable real- valued 
symbols a, it may happen that a{D, X) is not a positive operator even if a 
is a positive function. 

In the theory of pseudodifferential operators initiated by J.J. Kohn and 
L. Nirenberg [70], one associates the symbol cr with the operator a{D, X)kn 
given by 

(27t)-2” [ 

so that if cr is a polynomial, differentiation always act first. For singular inte- 
gral operators, the product of symbols corresponds to the composition opera- 
tors modulo regular integral operators. The symbolic calculus for pseudodif- 
ferential operators is studied in [110], [109], [41]. The Weyl calculus has been 
developed as a theory of pseudodifferential operators by L. Hormander [40], 
[41]. 

In [28], R. Feynman developed another connection of the Weyl calculus 
with quantum physics, although a considerable amount of mathematical in- 
terpretation of Feynman’s arguments is required. Rather than the operators 
X and D that rise in quantum mechanics, Feynman considers an operator 
calculus for general systems of operators in [28], where the idea is to attach 
time indices to keep track of the order of operations in products. Operators 
with smaller time indices are to act before operators with larger time indices. 
With time indices attached, functions of the operators are formed just as if 
the operators were commuting. Finally, the operator expressions must be re- 
stored to their natural order or ‘disentangled’. The final step is often difficult; 
it consists roughly of manipulating the operator expressions until their order 
on the page is consistent with the time ordering. 

Feynman’s ideas were developed in a mathematical setting for bounded 
selfadjoint operators in [83] and further developed in [108], [7], [8], [9]. The dis- 
entangling process considered in [83] results in equally weighted operator prod- 
ucts and this gives rise to the Weyl functional calculus considered in more de- 
tail in the following section. Other possible weightings for choices of operator 
products are considered in Chapter 7. 
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2.2 Operators of Paley-Wiener Type s 

Let Ai, . . . , Anhe bounded selfadjoint operators acting on a Hilbert space H. 
The Weyl functional calculus is a means of forming functions f{Ai, . . . , A„) 
of the n-tuple A = of operators. The operators 

do not necessarily commute with each other, so there is no fundamentally 
unique way of forming such functions. However, the Weyl functional cal- 
culus is defined in such a way that if, say, f{x\,...,Xn) = x\X 2 , then 
/(Hi, . . . , An) = \{A\A 2 + A 2 A 1 ). More generally, if / is a polynomial, then 
all possible choices of operator orderings are equally weighted. 

In order to form operators /(Hi , . . . , H„) for functions / more general than 
polynomials, we adopt the procedure of H. Weyl [115, Section IV. 14] described 
above, but replacing the pair (D, X) by the n-tuple A. 

For every ^ G M", (A,^) = ((,A) denotes the selfadjoint operator 
J2’j=iAjfj- The operator is therefore unitary for each ^ G K". 

The Fourier transform / of a function / integrable over K" is defined by 
f{f) = /ju„ e“*^^’‘>^/(a;) dx for all f G M". The integral 

/(H) = (27T)-" / e®<"^’«>/(ad? (2.1) 

is an operator valued Bochner integral for each function / belonging to the 
space 5(K") of rapidly decreasing functions on M". Then the mapping / 1 — > 
/(H), for all / G 5(K") is the Weyl functional calculus for the n-tuple H of 
selfadjoint operators. 

There exists a unique operator valued distribution Wa ■ f ' — > /(^)> 
/ G C°°(W^) defined over the test function space (^“(K") of all infinitely 
differentiable functions, such that the restriction of Wa to 5(K") is the Weyl 

calculus for H. The support of this distribution is contained in the closed unit 

1 /2 

ball in K" centred at zero and with radius (X)J=i 11^1 IP) 

The Weyl calculus for bounded selfadjoint operators is considered in [108], 
[83]. The key idea of the argument is the application of the Paley-Wiener 
theorem to growth estimates for exponentials of the operators. In Chapter 4, 
a functional calculus for systems of operators for which these growth estimates 
fail is developed. In the remainder of this chapter, the construction of the Weyl 
calculus is more fully described. 



The Paley-Wiener Theorem 

We begin by reviewing some facts about operator valued tempered distribu- 
tions. Let 5(K") be the space of rapidly decreasing functions on M", that is, 
functions / : M” ^ C for which 

Pj,k{f) '■= sup{(l -k \x\)^\d°^f{x)\ : a: G K”, [a] < k} 
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is finite for all nonnegative integers j, k. For a multi-index a = (oi, . . . , a„) of 
nonnegative integers, we use the notation d°‘ to denote the partial differentia- 
tion operator with |a| = oi -|- • • • -|- a„. The space 5(K”) is 

equipped with the locally convex topology defined by the collection of semi- 
norms pj^k for all j, fc = 0, 1, . . . . The space C°°(1R") of smooth functions on 
M" has the topology of uniform convergence of functions and their derivatives 
on compact subsets of K”. 

For a Banach space X, the linear space of all continuous linear operators 
on X is denoted by L{X). An C{X) -valued tempered distribution T is a con- 
tinuous linear map from 5(K") into the space C{X) endowed with the uniform 
operator topology. As usual, the Fourier transform T of an /l(A)-valued tem- 
pered distribution is defined by T{f) = T{f) for all / G 5(K"). The inverse 
Fourier transform of T is given by T{g) = T(g) with 

g{x) = {27T)- [ 



for all g G S(R"). 

An element £(C°°(]R”), £(A)) is a distribution with compact support [110, 
Theorem 24.2]. For T G £(C°°(W^), £(X)), the smallest nonnegative integer 
k such that for every compact subset K of K", there exists a number Ck > 0 
such that 



\\T{f)\\c(x) < C'R:Sup{|a“/(a;)| : x G K,\a\ < k}, 

for all smooth functions / with support contained in K is called the order of 
T. Every element of ^((^“(K"), £(A)) has finite order [110, Theorem 24.3, 
Corollary]. The support supp(T) of T is the complement of the set of all points 
X G K" for which there exists an open neighborhood Ux such that T(/) = 0 
for all smooth functions / supported by Ux- 

The version of the Paley-Wiener Theorem below for scalar valued distri- 
butions is proved in [110, Theorem 29.2]. The vector valued version follows 
readily from the scalar case. Set Br = {x G K" : |x| < r}. The real and 
imaginary parts of a complex vector C = (Ci, . . . , C„) G C" are the real vectors 
3?C = (5?Ci5 ■ • ■ 5 G R" and = (9Ci; • ■ • > ^Cn) G R”; respectively. 

Proposition 2.1. (Paley-Wiener) Let E be a Banach space and let T G 
£{S{W^), E) be a tempered distribution. Then there exists r > 0 such that 
T has compact support contained in the ball B^ if and only ifT is the Fourier 
transform of an entire function e : C" ^ E for which there exists C > 0, s > 0 
such that ||e(C)||is < ^(l -h , for all C G C". 

The sum written as (C) for ( G C". The Euclidean 

norm of C G C” is denoted by |C|- 
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Definition 2.2. Let , An be bounded linear operators acting on a Ba- 

nach space X. If there exists C, s > 0 such that 

<C(l+|e|)^ forall?GM", (2.2) 

then the n-tuple A = {Ai, . . . , An) of operators is said to be of Paley- Wiener 
type s. 

If there exists C, r, s > 0 such that 

<C(I+|C|)^e’'l^«l, forallCGC", (2.3) 

then the n-tuple A = {A\, . . . , A„) of operators is said to be of Paley- Wiener 
type (s,r). 

The terminology is adapted from work of A. Pryde [88]. Even if n = 1, 
the index s in (2.2) may be strictly positive. If the bound (2.2) holds, then 
each operator Aj, j = 1, ... ,n necessarily has real spectrum by [23, Theorem 
5.4.5]. 

Example 2.3. (i) [88, Proposition 2.2] Let A be an x iV matrix with real 
spectrum. Appealing to the Jordan decomposition theorem, there exists an 
invertible matrix T, a diagonal matrix D with real entries and a nilpotent 
matrix N commuting with D such that A = T{D -\- N)T~^. 

Let J{A) be the size of the largest Jordan block in the Jordan decomposi- 
tion D N of A and let r{A) = sup ]cr(A)| be the spectral radius of A. Then 
r{A) is the maximum absolute value of the diagonal entries of D. 

The matrix A is of Paley- Wiener type (s, r) with s = J{A) — 1 and r = r{A) 
because 



3 = 1 



so that 



ICP 



|eAA|| < ||j,|| ||2.-i||g|9CII|i)|| 1 + ^ 11 



3 = 1 



J'- 



< ||Tl|||r-p|(l+|Cl)^e’'l^f, for all C G C. 



(ii) [88, Theorem 4.5] Let X = and suppose that Ai, . . . , A„ are simul- 
taneously triangularisable matrices with real spectra. Then A = (Ai, . . . , A„) 
is of Paley-Wiener type {N — l,r(A)). Here r{A) is the joint spectral radius 
defined in [88, p. 92]. The conclusion is actually equivalent to the condition 
that the matrix (^, A) has real spectrum for each ^ G M", see Theorem 5.10 be- 
low. This condition includes both the case of simultaneously triangularisable 
matrices with real spectra and hermitian matrices. 
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In the case when Ai, . . . , A„ are bounded selfadjoint operators acting on 
a Hilbert space H, the operator (^, A) is selfadjoint for every ^ G M”. It 
follows that is a unitary operator, and by the Lie-Kato- Trotter product 

formula, 

||gi(4+ir;,A) II _ || - (j), A) || ^ g||(T;,A)|| ^ ^r\7]\ 

for all ^,7] G M" [108, Theorem 1]. Hence the bound (2.2) holds with (7=1, 
s = 0 andr= (EJ=iII^jIP) ' ■ 

An obvious necessary condition that (2.3) holds is that each operator 
Ai, . . . , A„ is of Paley-Wiener type (s, r). It is not sufficient to assume that 
each operator Ai, . . . , A„ is of Paley-Wiener type (s, r) to conclude the in- 
equality (2.3). For example each of the matrices Ai = | ^ > A 2 = 

is of Paley-Wiener type (1, 1), but (Ai, A 2 ) is not of Paley-Wiener type (s, r) 
for any s,r > 0 , because = cosh(t)/-|- sinh(t) ^ for all t gR. 

Once we know that the bound (2.3) is valid, the Paley-Wiener Theorem 
establishes the existence of a nonempty compact subset 7 (A) of M” and a C°°- 
functional calculus / 1 — > /(A) defined for all sufficiently smooth functions / 
given in an open neighborhood of 7 (A) in K"; see Theorem 2.4 and Definition 
2.5. The (7°°-functional calculus agrees with the map / 1 — > /(A) defined for 
all polynomials / in n variables in which /(A) has equally weighted operator 
products; see equation (2.5). The set 7 (A) serves as the ‘joint spectrum’ of 
the n-tuple A of operators. 

The following result, essentially from [7], shows that if the n-tuple A satis- 
fies the bound (2.3), then the Paley-Wiener theorem immediately provides an 
extension of the symmetric operator calculus from the space of polynomials 
to a space of smooth functions. 

Given nonnegative integers mi , . . . , m„, we let m = mi -I- • • • -I- m„ and 

P™i’-’™»(zi,...,0„) = zr---C”- (2.4) 

Theorem 2.4. Let Ai,...,A„ be hounded linear operators acting on a Ba- 
nach space X . If r, s > 0 and A = (Ai, . . . , A„) is of Paley- Wiener type (s, r), 
then there exists a unique £{X)-valued distribution Wa G /^((^“(K"), £(A)) 
such that 

Wa(P-— ) = E ^^( 1 ) • • • (2-5) 

7T 

where mi , . . . , m„ are any nonnegative integers, m = mi -I- • • • -I- m„ and the 
sum is taken over every map tt of the set {!,..., m} into { 1 , . . . , n} which 
assumes the value j exactly mj times, for each j = 1 , . . . , n. 

The distribution Wa is given by 




Wa(/) = (27T)- 



gdCA) J(^) f g 5(M"). 



( 2 . 6 ) 
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The integral converges as a Bochner integral in T{X). The support K of the 
distribution Wa is nonempty and contained in the ball Br- The n-tuple A is 
of Paley- Wiener type (s,sup|iC|). The order of Wa is at most the smallest 
integer strictly greater than n/2 + s. 

Proof. Let e(C) = for each C G C". According to the bound 

(2.2), there exists C > 0 and s > 0 such that ||e(^)||£(x) < C(1 + 151)^ 
for all f G K". For every / G S(R"), the Fourier transform / of / again 
belongs to 5(K”) [110], so there exists Ci > 0 such that ||e(^)||£(x)|/(^)| < 
C'i(l + for all f G M". Because 

/ l|e(ail£(x)l/(?)|rf?<Ci / (l+|C|)-”-'de<oo, 

jR" jR" 

the integral (2.6) exists as a Bochner integral for every / G 5(K"). Moreover, 
Wa is a tempered distribution, the Fourier transform of e. According to the 
assumption (2.3) and the Paley- Wiener Theorem 2.1, Wa has compact sup- 
port contained in Br, so it has a unique extension from 5(R") to (^“(K"). 
The smallest r possible is sup jATj. 

Formula (2.5) follows from the observation [7, Theorem 2.8] that 

^ (P™1 . [e(C)' ]) (1) 

We show that K is nonempty by showing that the projection of K onto 
the first coordinate contains the spectrum cr(Ai) of Ai, which we know to be 
nonempty. Let tti : K" ^ M be the projection onto the first coordinate. 

If / G C'“(K) has support disjoint from ttiK, then f o m G C°°(]R”) has 
support disjoint from K so that W’a(/ o t^i) = 0. Therefore, the distribution 
/ I — > >Va(/ o 7Ti), / G C'°°(K), has support contained in ttiK. 

Let 52 ) • ■ • 5 ffn be smooth functions on K with compact support and 
equal to one in a neighbourhood of zero. Then the function : x i — > 
f{xi)g 2 {ex 2 ) • • - 52 (ea;„), x G M", converges to /otti in (^“(M”) as e ^ 0. An 
application of change of variables and dominated convergence ensures that 
WA(/e) ^ Wai(/) in >C(A), so the equality WA{fo t^i) = Wai(/) follows. 
The support of the distribution Wa, is cr{Ai) [23, Theorem 3.1.6], so the 
inclusion ct(Ai) C mK holds. 

It remains to consider the order of the £(A)-valued distribution Wa- The 
argument of [7, Lemma 3.8] works here too. By (2.2), the Cauchy-Schwarz 
inequality and Plancherel theorem, we have 

I1W^(/)||</ l|e(aill/(aM? 

<C [ (i + |e|)l/(e)Me 

JR^ 
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< c 



(1 + ieir 

( 1 + !?!'=) 






If k is an integer strictly greater than n/2 + s, then ||(1 + |CI)®/(1 + ICI *)||2 < 
oo and if f\, f 2 , . are smooth functions with support in a fixed relatively 

compact open set U C K" and fj and its derivatives up to order k converge 
to zero uniformly on U as j ^ 00 , then ||(1 + (— Z\)''/^)/j ||2 ^ 0 as j ^ 00 . 
For even k, this follows from the estimate 



ll(l + (-^)"/")/l| 2 <^(C/)l/" sup \d^f{x)\. 

xGU,\ct\<k 



For odd k, we appeal to the equality || (— Z \)^/^</>||2 = X)m=i for all 

(j> G (^“(K”). Hence Wa has order at most k. 

For convenience, we shall sometimes use the notation e(^)'for the Fourier 
transform of the tempered distribution defined by a suitable function ^ 1 — > 
e(^), ^ G K". In particular, formula (2.6) is written as 



Wa 



(27T)-" 






A number of properties of the Weyl calculus are listed in [7], at least for 
hermitian operators acting on a Banach space. Rather than repeat them here, 
they will appear in Chapter 4 in a more general context when the Paley- 
Wiener bound (2.3) may fail. 



2.3 The Joint Spectrum 

Even for a system A of commuting bounded linear operators acting on a 
Banach space, there are many possible approaches to the definition of the 
joint spectrum of A. Fortunately, the definition given below agrees with most 
[76] in the case that A is a commuting system and the exponential bound (2.3) 
holds, because each operator Aj necessarily has real spectrum [23, Theorem 
5.4.5]. 



Definition 2.5. Let Ai, . . . , A„ be bounded linear operators acting on a Ba- 
nach space X. Suppose that r, s > 0 and A = (Ai, . . . , A„) is of Paley-Wiener 
type (s,r). The support of the distribution Wa, denoted by 7 (A), is called 
the joint spectrum of the n-tuple A = (Ai, . . . , A„). The distribution Wa is 
called the Weyl calculus for A. The number 

r(A) = sup{|a;| : x G 7 (A)} 
is called the joint spectral radius of A. 
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According to the Paley- Wiener theorem, r{A) < r. We shall see in Chapter 
4 that the nonempty compact subset 7 (A) of K" may be interpreted as the set 
of singularities of a multidimensional analogue to 1 — > Guj{A) of the resolvent 
family of a single operator. In the case that the operators of A commute, the 
expression Gi^{A) can be written down explicitly. In the noncommuting case, 
the joint spectrum 7 (A) possesses another layer of complexity and G^{A) is 
necessarily more mysterious. 

Example 2.6. a) Let n = 1. As mentioned in Example 2.3 (i), any matrix with 
real spectrum is of Paley-Wiener type (s, r). Such a matrix A is diagonalisable 
if and only if it is of Paley-Wiener type (0, r). To see this, let N be the nilpotent 
part and D the diagonal part, with real entries, of the Jordan decomposition of 
A. Then there exists an invertible matrix T such that . 

Because N is nilpotent, each entry of is a polynomial in 

If A is diagonalisable, then iV = 0 and A is of Paley-Wiener type (0,r), 
with r the maximum absolute value of the eigenvalues of A, all of which are 
real numbers. If A is of Paley-Wiener type (0,r) for some r > 0, then is 
unitary and < C for all ^ € M. This is possible only if 

the nilpotent matrix N is the zero matrix, so that = 1 for all ^ G K. 

b) If A is a single operator of Paley-Wiener type (s, r), then 7 (A) = cr(A). 
The result is proved in [23, Theorem 3.1.6] under quite general circumstances 
and in [7, Lemma 3.3] for hermitian operators on a Banach space. 

The present example when n = 1 has an extensive literature. The condition 
that a single bounded operator A acting on a Banach space X is of Paley- 
Wiener type (s, r) is equivalent to the condition that A is a generalised scalar 
operator with real spectrum [23, Theorem 5.4.5]. Furthermore, if for each 
g G (^“(K), we denote the Gelfand representation of WA{g) in the Banach 
algebra A generated by {W’yi(/) : / G (^“(M)} by WA{gT, then the maximal 
ideal space of A can be identified with the spectrum cr(A) of A in C{X) and 
the equalities 

i) ^A{fT= /k(A) and 

ii) cj{WA{f)) = /(ct(A)) 

hold for all / G C“(M) [23, Theorem 3.2.2]. 

Let fc be a nonnegative integer and U a nonempty open subset of K" . The 
space G^{U) of all functions continuously differentiable in U for derivatives 
up to order k is given the topology of uniform convergence of functions and 
their derivatives, up to order k, on compact subsets of U . If iL is a closed 
subset of K", set G^{K) = Uc/C'*(C/), where the union is over all open sets 
U containing K and G^{K) is given the inductive limit topology. Then any 
distribution T G £(C°°(K”), £(A)) of order k and with support K uniquely 
defines a distribution T G C{G^ (K), C{X)) such that T{f\U) = T(/) for every 
/ G C°°(K") and every open neighborhood U of K [110, Theorem 24.1]. As 
is customary, the same notation is used for the distribution T as an element 
of £(C“ (K”), >C(A)) and of C{G'^{K),C{X)). 
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For the Weyl calculus for a system of hermitian operators, the Lie-Trotter 
product formula together with part of the Paley- Wiener theorem establishes 

that the joint spectral radius is bounded by ( ll^jlP) [’^]- The follow- 

ing result showing that the bound (2.2) implies the bound (2.3) is mentioned 

in [64] although no proof is given. We give a proof below that gives the same 
1/2 



bound 



(E”=i Pi 



for the joint spectral radius. 



Theorem 2.7. If A is an n-tuple of hounded linear operators of type s, then 
A is of type (s,r) with r = PjP- The support ofWA is contained 

in the rectangle [— ||Ti||, ||Ti||] x • • • x [— ||xl„||, Pnjj] in M". 



Proof. Let tti : 



be the projection onto the first coordinate. For any 



rapidly decreasing functions Q2, ■ ■ ■ ,gn 
be the distribution 



let Tg. 



G £(5(K),£(ds:)) 



T„, 



:/i — >WA{f ®92®---®gn), /g5(K). 



We shall show that Tg. 



has compact support S{g2, ■ ■ ■ , gn) contained in 



[— jjAill, jjGlill]. If X G US{g2, ■ ■ ■ , 9 nY, then for every open neighborhood U 
of X in R disjoint from DS{g2, ■ ■ ■ , gn) and every smooth function / : M ^ R 
with support contained in U, we have W’A(.f <8>52<8> • • -^gn) = 0 for all rapidly 
decreasing functions (72, • . • , ffn : R ^ R- 

In particular, if x G R and jxj > Pi||, and U is an open neighbourhood of 
X disjoint from [— ||2li||, Pijj], then WA{f®92®- ■ -®gn) = 0 for every smooth 
function / : R ^ R with support contained in U and all rapidly decreasing 
functions (72, ■ ■ ■ , ffn : R ^ R- 

Because the linear span of all functions f®g2®---®gn with /, gj G C“(R) 
is dense in (^“(R"), it follows that the set {x} x R x • • • x R is contained in 
supp(>Va)°- Expressed otherwise, 

supp(Wa) C 7r]"^( n S'(52, ■ • ■ ,ffn)) C [-||Ai||, ||Ti||] x R x • • • x R. 

Once we do this for each coordinate, the inclusion suppCLVa) O K and the 
formula for r follow. 

Let B{f) = YTj=2 and 



<l> 



(<=) 






.(t) = e 



and set for every e > 0. Because has exponen- 

tial decay, ^ G L^(R, £(X)) for each e > 0 and ^ 
C{Cf°(R),C{X)) as e ^ 0-h. 

Now 



rriO) 



—\t I 






» 



/*00 

(t)||dt < 

Jo 
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for all A > || 2 li||. The function A i — > /q°° ^^{t) dt has an analytic 

continuation from {Re(A) > || 2 li||} to {|A| > ||Ai||}. To see this, we use the 
perturbation series expansion 






^ rl rtk rt2 

/ + ^(zt)M / ••• / • • • 

Jo Jo Jo 



For A > IIAill, we have 

pOC) 

^0 

^ pOC 



A + e 



— \tik „ — 

e t e 



1 ptk 






pt2 






0 ^0 






(2.7) 



The norm of each term of the series on the right is bounded by 

(IM^ ' k\ J\.. dh... dtk 

= giis(«)ii^ 

so the right-hand side of equation (2.7) may be analytically continued to the 
region {|A| > ||^i||} for every e > 0. 

By the Plancherel formula, we have 

rg-Az<^F) (t)dt= [ iMdx. (2.8) 

Jo JrA-^zx 

Let f{z) = ^ fg f{y)/{z — y) dy be the Cauchy transform of / G L^(R) with 
z G C and Imz yf 0. It follows from [22, Theorem 5.6] that 



(/> J>) = lim [ [f{x + it) - f{x - it)\(j){x) dx (2.9) 

^^0+ Jb 

for all (j) G (^“(K). The same notation is used for operator valued func- 
tions /. The Cauchy transform of exists because G 

L^(K, £(X)) for each e > 0. 

Now according to formula (2.8) and the argument above, the Cauchy 
transform of may be analytically continued into the region 

{|A| > ll^lilj} for every e > 0. If </> is a smooth function with support disjoint 




2.3 The Joint Spectrum 



25 



from [— ll^ill, ||Ai||], then by equation (2.9), we have ^ 

ery e > 0. Because in £(C“(K), £(X)) as e ^ 0+, it 

follows that ® all ^ 2 , •■•,?«€ R- Moreover, 

{Tg,,..., 9 n,<l>) = (27t)-("-i) [ {T^°J ^„, </>) 31 (a) • • • 3„(?n) da • • • da = 0. 

Jr~-i 

It follows that that Tg 2 ,. .,sn tias compact support S{g 2 , ■ ■ ■ ,gn) contained in 
[— ||Ai||, IIAill]. Doing this for each coordinate, the inclusion supp(>Va) C K 
follows. □ 
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Clifford Analysis 



In this chapter, we give the necessary background in Clifford analysis that 
facilitates the representation of functions of systems of operators by a Cauchy 
formula. More comprehensive accounts of Clifford analysis may be found in 
the monographs [19], [21]. 

For a single bounded linear operator A acting on a Banach space X, the 
Riesz-Dunford functional calculus 

/(^) = ^/^(a-^)-V(c)rfc 

represents the function f(A) of the operator A as a contour integral about 
the spectrum a{A) of A. This is what we are looking for in the case that A 
is replaced by an n-tuple A of bounded linear operators. But first we need 
a higher dimensional analogue of the Cauchy integral formula and a suitable 
replacement for the Cauchy kernel ^ i — > (C/ — A)~^, that is, the resolvent of 
the operator A. 



3.1 Clifford Algebras 

The basic idea of forming a Clifford algebra A with n generators is to take 
the smallest real or complex algebra A with an identity element cq such that 
K 0 K" is embedded in A via the identification of {xq,x) G R 0 R" with 
XqCo + X G A and the identity 

[a^p = -ja^l^eo = -(xf + xl -\ h x|)eo 

holds for all x G R". Then we arrive at the following definition. 

Let F be either the field R of real numbers or the field C of complex 
numbers. The Clifford algebra F(„) over F is a 2"-dimensional algebra with 
unit defined as follows. Given the standard basis vectors cq, ei, . . . , e„ of the 
vector space F”+^, the basis vectors es of F(„) are indexed by all finite subsets 



B. Jefferies: LNM 1843, pp. 27-38, 2004. 
(c) Springer- Verlag Berlin Heidelberg 2004 
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S of {1, 2, . . . , n}. The basis vectors are determined by the following rules for 
multiplication on F(„): 



eo = 1, 

ej = — 1 , for 1 < j < n 

ejCk = -ekCj = e^j^k}, for 1 < j < k < n 

ejiejv-ej„ = es, if 1 < ji < j 2 < • • • < < n 

and S = 

Here the identifications cq = eg and Cj = eyy for I < j < n have been made. 

Suppose that m < n are positive integers. The vector space K™ is iden- 
tified with a subspace of F(„) by virtue of the embedding (xi, . . . ,Xm) ' — 
writing the coordinates of a; € as x = (a;o,a;i, . . . ,x„), 

the space is identified with a subspace of F(„) with the embedding 

(a:o,xi, . . . ,x„) I — > 

The product of two elements u = ^guses and v = ^gvses,vs G F with 
coefficients M 5 G F and V 5 G F is mu = ^g j^usvaeseR. According to the 
rules for multiplication, egeR is ±1 times a basis vector of F(„). The scalar 
part of M = '^g ugeg, ms G F is the term Mg, also denoted as mq. 

The Clifford algebras M(o),R(i) and M( 2 ) are the real, complex numbers 
and the quaternions, respectively. In the case of K(i), the vector e\ is identified 
with i and for M( 2 ), the basis vectors 61 , 62,6162 are identified with i,j,k 
respectively. Because we also consider complex Clifford algebras C(„), it is 
less confusing if we avoid these particular identifications. 

The conjugate 65 of a basis element eg is defined so that eg'eg = e^eg = 1. 
Denote the complex conjugate of a number c G F by c. Then the operation of 
conjugation u 1 — > u defined by m = ms ^ for every u = '^g ugeg, ms G F 
is an involution of the Clifford algebra F(„p Then vu = uv for all elements u 
and V of F(„). Because c| = —1, the conjugate ej of 6 j is —ej. 

An inner product is defined on F(„) by the formula (m, v) = [mu]q = ugvg 
for every u = '^gUgeg and v = '^gVgeg belonging to F(„). The correspond- 
ing norm is written as | • |. 

Now we are identifying x = (xq, xi, . . . , Xn) G with the element 

of R(n )5 so the conjugate x of a: in is xq 6 o — xiCi — x„ 6 „. 

A useful feature of Clifford algebras is that a nonzero vector x G has an 
inverse x~^ in the algebra K(„) (the Kelvin inverse) given by 

— 1 X ^ 0^0 X 161 * * * XjiCfi 

|xp Xq + xI~\ 

We shall tend to write x = (xq,xi, . . . ,x„) G R”+^ as x = xoCq -I- x with 
X = (xi, . . . ,x„) G K”. 
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3.2 Banach Modules 

In the course of forming functions f{A) of an n-tuple A = {Ai , . . . , A„) of 
bounded linear operators acting on a Banach space X, we will need to consider 
expressions like A = AiCi + • • ■ + A^Cn for the basis vectors ej, j = 1, ... ,n 
of M". Then the same expression A can act on an element u = '^guses 
with M 5 € X in two different ways: Au = s{AjUs){ejes) and uA = 

case, A{uX) = {Au)X for all A G F(„), so that 
A is a right module homomorphism, and in the second, {Xu)A = X{uA) for 
all A G F(„), so that Al is a left module homomorphism. The action of the 
formal symbol A will depend on the problem at hand. The formal definitions 
related to this observation follow. 

A Banach space X with norm || • || over F with an operation of multiplication 
by elements of F turning it into a two-sided module over F („) is called a 
Banach module over F („) , if there exists a C > 1 such that 

||xm|| < C\u\ ||x|| and 11^x11 < C\u\ ||x|| 

for all u G F(„) and x G X. The vector space of all continuous right module 
homomorphisms from a Banach module A to a Banach module Y is denoted 
by £(n){X, Y). Thus, a bounded linear map A : X ^ Y belongs to £(„)(A, Y) 
if {Ax)u = A{xu) for all x G A and m G F(„). Both £(„)(A, A) and the space 
£(A, Y) of continuous linear operators from A to A are considered as Banach 
spaces over F with the uniform operator norm || • ||. 

The algebraic tensor product A(„) = A(g)F(„) of a Banach space A over F 
with F(„) is a Banach module. Elements of A(„) may be viewed as finite sums 
u = xg 0 eg of tensor products of elements xg of A with basis vectors eg 
of F(„). Multiplication in A(„) by elements A of the Clifford algebra F(„) is 
defined by uX = ^g xg 0 (esA) and Xu = ^g xg (Xeg). The tensor product 
notation xg 0 eg is written simply as xgeg. The norm on A(„) is taken to be 

\M = (Es 

The analogous procedure applies to a locally convex space E to define 
the module with its induced locally convex topology. If E and F are 
two locally convex spaces, then the spaces (£(if, and 

are identified by defining the operation of T = '^gTgeg on u = '^gUgeg as 
^(■^) = Es S' Ts{ug')egegi , so making T into a right module homomorphism. 
Because Ef^^) is a two-sided module, we can also interpret T as a left module 
homomorphism by writing T{u) = Es s' '^s{ugi)egies. 

In the case that E and F are equal to a Banach space A, the norm of 
T is given by ||T|| = (Es l|rs||£(x)) • In particular, for n bounded linear 

operators Ti, . . . , T„ acting on A, we have 

n n 

J=1 i=i 
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Given x G E and ^ G F' , the element {Tx,^) G F(„) is defined for each 
T=J2s'^ses belonging to £(„)(£;(„), F(„)) by {Tx,0 = J2s0^sx,0es- 



3.3 Cauchy Formula 



What is usually called Clifford analysis is the study of functions of finitely 
many real variables, which take values in a Clifford algebra, and which satisfy 
higher dimensional analogues of the Cauchy-Riemann equations. 

It is worthwhile to spell out the direction this analogy takes. The Cauchy- 
Riemann equations for a complex valued function / defined in an open subset 
of the complex plane may be represented as df = 0 for the operator 

7 ) d ,■ d I ■ c (P 

a = z = x + iy&C. 
ox ay 

The fundamental solution E of the operator d is the solution in the sense of 
Schwartz distributions of the equation dE = (5q for the unit point mass i5o at 
zero. Then 

E{z) = ^- = ^^, for z = x-kiy G C\ {0}. 

ZTT Z ZTT |zp 

A function / satisfying 9/ = 0 in a neighbourhood of a simple closed contour 
C together with its interior can be represented as 

f{z) = - [ if(C-z)/(C)ciC= / EiC-zMOfiOdKl 

* Jc Jc 

at all points z inside C. Here n{C,) is the outward unit normal at ^ G C, d\(\ 
is arclength measure so that m(C)(i|C| = dd^. The higher dimensional analogue 
for functions taking values in a Clifford algebra is as follows. 

A function / : [/ ^ defined in an open subset U of has a 

unique representation / = fs^S in terms of F-valued functions fs, S C 

{!,..., n} in the sense that f(x) = fs(x)es for all x € U. Then / is 
continuous, differentiable and so on, in the normed space F(„), if and only if 
for all finite subsets S of {1, . . . ,n}, its scalar component functions fg have 
the corresponding property. Let dj be the operator of differentiation of a 
scalar function in the j’th coordinate in - the coordinates of a; G 

are written as a; = (a;o, a;i, . . . , x„). For a continuously differentiable function 
/ : K”+i ^ F(„) with / = fgcg, the functions Df and fD are defined by 



^/ = XI f (9ofg)eg + '^{djfg)ejeg 



s \ 



j=i 



/^ = X f (^ofs)es + '^{djfg)egej 



s V 



V 



J=1 
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Now suppose that / is an F(„)-valued, continuously differentiable function 
defined in an open subset U of Then / is said to be left monogenic in 

U if Df{x) = 0 for all X € U and right monogenic in U if JD(x) = 0 for all 
X G U. 

For each x € the function G{- ,x) defined by 



for every u x is both left and right monogenic as a function of uj. Here 
the volume /F of the unit n-sphere in has been denoted 

by Sn and we have used the identification of with a subspace of M(„) 

mentioned earlier. 

The function G{- ,x), x G plays the role in Clifford analysis of a 

Cauchy kernel. If we write G{uj, x) = E{u> — x) for all w yf a; in R", then the 
K"+i_valued function 

E{x) =x/(En\xr+^) 

defined for all x yf 0 belonging to is the fundamental solution of the 

operator D, that is, DE = <5oeo in the sense of Schwartz distributions. Then 
a function satisfying Df = 0 in an open set can be retrieved from a surface 
integral involving E as follows. 

Suppose that 17 C is a bounded open set with smooth boundary 917 
and exterior unit normal n(uj) defined for all oj G dfl. For any left monogenic 
function / defined in a neighbourhood U of 17, the Cauchy integral formula 




G(w, x)n{iaj) f {(jS) dfi{uj) 



f{x), if X e 17; _ 
0, if xGU\n. 



(3.2) 



is valid. Here /i is the surface measure of 917. The result is proved in [19, 
Corollary 9.6] by appealing to by Stoke’s theorem. If g is right monogenic in 
U then g{co)n{uj)f{u!) dyt^uj) = 0 [19, Corollary 9.3]. 

Example 3.1. For the case n = 1, the Clifford algebra M(i) is identified with C. 
A continuously differentiable function f : U defined in an open subset 

U of satisfies Df = 0 in [/ if and only if it satisfies the Cauchy-Riemann 
equations 9/ = 0 in U. For each x,uj G x yf w, we have 



G{u!, x) 



1 1 
2tt to — X 



The inverse is taken in C. As indicated above, the tangent at the point f{f) 
of the portion {C(s) : a < s < &} of a positively oriented rectifiable curve C is 
i times the normal n{({t)) at f{t), so the equality d( = i.n{() d|^| shows that 
(3.2) is the Cauchy integral formula for a simple closed contour C bounding 
a region 17. 
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3.4 Vector Valued Functions 



Suppose that is a measure space and E is a, sequentially complete 

locally convex space. Let f : E E he a function for which there exist 

if- valued /r-integrable 5-simple functions Sn,n = 1,2,... such that Sn ^ f 
/x-a.e., and for every continuous seminorm p on E, f^p(sn — Sm)dp 0 
as n, TO ^ oo. Then the integral f dp of f with respect to p, over a set 
4 e 5, is defined to be the limit lim„^oo s„ dp. The limit is independent 
of the approximating sequence Sn,n = 1,2,...; such a function / is said to be 
Bochner p-integrable. It follows immediately that for a continuous linear map 
T : E ^ F between sequentially complete locally convex spaces E and F, if / 
is Bochner /r-integrable, then T o / is Bochner /i-integrable and T ( / dp) = 
f^T o fdp for all 4 C 5. A bounded continuous function with values in a 
Frechet space or LF'-space is Bochner integrable with respect to any finite 
regular Borel measure. 

It is a simple matter to check from the definition of a Bochner integrable 
function, that for a Banach module X over F , the integral f dp of an 
X- valued Bochner /x-integrable function / has the property that 



u fdp= / uf{a)dp{a), 
JE JE 

J fdp^u = J f{a)udp{a). 



for all u G F („) . 

Let X he a Banach space. A sequence {/fc}^i of X-valued functions 
fk'.f2—^Xis normally summahle in X if there exists a summable sequence 
of nonnegative real numbers Mk such that ||/fc(w)|| < Mk, for all 
w G 17 and all fc = 1, 2, . . . . Thus, a normally summable sequence {/fc}^i of 
71- valued functions on 17 is absolutely and uniformly summable on 17. In the 
case that 71 is a Banach module over F(„p we have 



= ^^ufk and 

k k 

{^fk)u =^^fkU 

k k 



for all M G F („) . 

The definition of monogenicity extends readily to other vector and operator 
valued functions. In particular, if (/ is a left monogenic F(„)-valued function, 
then the tensor product g ® x : u> i — > g{ui) 0 x of g with an element x 
of a Banach space 71 is left monogenic in 71(„). If {gj 0 xj}J^i is normally 
summable in 71 („) and each function gj is left monogenic, then EJLi 9j ® 
is left monogenic in 71(„). 

As in the case of vector valued analytic functions [39, Section 3.10], there 
is a choice of possible topologies in which to take limits. The proof of the 
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following assertion follows the case of vector valued analytic functions [39, 
Theorem 3.10.1]. 

Proposition 3.2. A function is monogenic for the weak topology of a locally 
convex module if and only if it is monogenic for the original topology. 
Moreover, for a Banach space E, if g : U ^ is right monogenic and 

/ : [/ ^ zs left monogenic and fl is an open set with smooth oriented 

boundary df2 such that f2 C U, then the function oj i — > g{uj)n{u!) f (co) , uj G 
dQ, is Bochner pi-integrable in and 

/ ff(w)n(w)/(w) dfi{uj) = 0. 

JdQ 

In particular, this is valid in the case that X is a Banach space and E = 
C{X) with the uniform operator norm. It follows from the principle of uniform 
boundedness and the Cauchy integral formula that an /l(X)-valued function 
is norm monogenic when it is monogenic for the weak or strong operator 
topologies. 



3.5 Monogenic Expansions 

The primary interest in this work is forming functions /(A) of a suitable n- 
tuple A of linear operators. In the case that A satisfies an exponential growth 
estimate (2.3), it is enough to assume / is sufficiently smooth in a neighbour- 
hood of the joint spectrum 7(A) defined in Definition 2.2. By analogy with 
the case of a single operator, in other cases it would be reasonable to expect 
to make sense of /(A) just when / is an analytic function of n-real variables 
in a neighbourhood of a compact subset 7(A) of M". In this section we see 
how to extend an analytic function of n-real variables to a monogenic func- 
tion defined on a subset of Once we have our hands on an appropriate 

Cauchy kernel, this will allow us to form /(A) via the analogue of the Cauchy 
integral formula (3.2). 

Suppose that / is an analytic F- valued function defined on an open neigh- 
bourhood of zero in K" and the Taylor series of / is given by 

00 ^ n n 

f (^) ^ ^ ^ ' ■ ■ ■ ^ ' O-h-.-lk^h ' ' ' ^lk^ (3-3) 

k=0 ■ 7 = 1 lk = l 

for all X € K" in a neighbourhood of zero. The coefficients ai^,,,i^, G F are 
assumed to be symmetric in li, . . . Ik- Expansions about other points p in M" 
are treated by translating x to x — p. 

Then the unique monogenic extension / of / is 

00 / 

/(a^) = Xl 

k=0 \{h....,lk) 



(3.4) 
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for all X belonging to some neighbourhood of zero in Here, the sum 

If.) ■ ■ ■ is over the set {1 < < • • • < < n}, and for (^i , . . . ,lk) G 

{1, 2, . . . , n}*, the function . ]g"+i ^ jg follows. For 

each j = 1, . . . , n, the monogenic extension of the function Xj : x i — > xj,x G 
M” is given by Zj : x i — > Xjeo — xoej,x G Then H°(a:) = eo,x G 

and 

= h E (3-5) 

where the sum is over all distinguishable permutations of all of , Ik), 

and products are in the sense of pointwise multiplication in F („) . 

If / is left monogenic in the open ball S_r( 0) of radius R about zero in 
then (3.4) converges normally in Br{0) [19, p82]. 

The function jg both left and right monogenic. It is the unique 

monogenic F(„)-valued extension of the real valued function a;q • • • xi^, defined 
on K" to all of called the inner spherical monogenic polynomial [19]. 

According to [19, Theorem 11.3.4, Remark 11.2.7 (ii)j, the monogenic function 
yii...ik actually takes its values in although this is not immediately 

apparent from formula (3.5). 

By locally extending power series like equation (3.3) to expansions like 

(3.4) , any analytic function f : U ^ ¥ defined in an open subset of K" is 

the restriction to [/ of a function f : V ^ ]F"+i with is both left and right 
monogenic in an open subset V of such that U = V O K", see [19, 

Theorem 14.8, Remark 14.9]. 

The average over symmetric products in (3.5) is reminiscent of equation 

(2.5) for the Weyl calculus. This observation by A. McIntosh initiated the 
present investigation. Indeed, if we define V^{A) = Id and 

= ^ E (3.6) 

and if the norms |lHj|| of the operators Aj, j = 1, . . . ,n are small enough, 
then the operator 



k—O 

is what we would obtain from the Weyl calculus if the exponential growth 
estimate (2.3) were true. However, the expansion (3.4) is not adequate for 
the study of spectral properties of A, even when n = 1, that is, for a single 
operator, because we are assuming that the power series (3.3) converges in 
some ball centred at zero in M". 



fw = E 
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3.6 Monogenic Representation of Distributions 

Equation (2.9) recovers a function or distribution from its Cauchy transform 
and this is used in the proof of Theorem 2.7 to detect the support of the 
distribution - an argument that will recur in higher dimensions in Chapter 4. 
The higher dimensional analogue of equation (2.9) is set out below. 

Let T G £(„)(C°°(K”)(„),F(„)) be an F(„)-valued distribution with com- 
pact support. Then T is interpreted as a right module homomorphism from 
C'°°(M”)(„) into F(„). Thus, we may represent T as a finite sum T = Tses 
with Ts G £(C°°(K"),F) so that the action of T on (() = '^g(f>ses with 
(j)s G (^“(K”) is given by T{4>) = J2s,S' Ts{(l}s')eses' ■ 

The function T{uj) = T{G{uj, •)) for all oj G K”+^ \ M” is called the 
right monogenic representation of T. The following result is proved in [19, 
Theorem 27.7] for the left monogenic representation, in which right module 
homomorphisms are replaced by left module homomorphisms in the obvious 
way. 

Theorem 3.3. Let T G £(„)(C'°°(K")(„),F(„)). Then T may he extended to a 
right monogenic function, still denoted by T, in \ supp (T). 

Furthermore, lim|(^l^oo T(uj) = 0 and for any (j) G C“(K")(„), we have 

T{(j)) = lim / ['T(w -I- eco) — 'T(w — eeo)]^(w) dw. 

If T = Toeo, then T is both left and right monogenic. 



3.7 Plane Wave Decomposition 



The following plane wave decomposition is given in [103, p.lllj. Further proofs 
appear in [101] and [72]. The latter uses a general Fourier transform calculus 
for monogenic functions reproduced in Section 6.3 below. 

The unit sphere in K" centred at zero is denoted by 5'"“^ and ds is surface 
measure on 5'"“^. 



Proposition 3.4. Let u = xpCo + x he an element with x G K". If 

xo > 0,then 



UJ 



{n — 1)! / i 



27„|w|"+i 2 \2ttJ Js„-r 

If Xo < 0, then 

(n — 1)! f —i 



U) 






27T 



{eo + is) {{x, s) — xqs) ^ ds. 



(cq + is) {{x, s) — xqs) ds. 
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A proof involving Fourier transforms is outlined in Subsection 6.3.2. 

The Kelvin inverse ((x, s) — a;os)~^ in the Clifford algebra is equal to 

{{x, s) + Xqs) {{x, s)2 + xiy^ 

so that ((a;, s) — xos)~^ = {{x, s) + xqs)" {{x, s)^ + Xq) ". 

Remark 3.5. If n is odd, the integral of ((x, s) — xoCqs)”” over 5'"“^ is zero. 
As long as (xi, . . . , x„) yf 0, the integral of the other term s {{x, s) — xoCqs)”" 
over 5'"“^ is continuous at xq = 0. 

If n is even, the integral of s {{x, s) — xoCqs) ” over 5'"“^ is zero and the 
integral of ((x,s) — xoCqs)”” suffers a jump as xq passes through 0. 



3.8 Approximation 

We know from Section 3.5 that an F-valued analytic function f in n real vari- 
ables has a monogenic extension / to an open subset of Moreover, the 

Stone- Weierstrass Theorem tells us that / may be approximated uniformly 
on compact subsets of its domain by F-valued polynomials in n real variables. 
Can we choose these polynomials so that their monogenic extensions approx- 
imate / on compact subsets of the domain of / in The question is 

answered in the affirmative in Proposition 3.6 below. The result is used in 
Chapter 4 to show that f(A) G ki(X) if / is a real analytic function defined 
in a neighbourhood of the ‘joint spectrum’ 7(A) of A. 

For any open subset U ofM"’*'^, let M(C/,F(„)) be the collection of allF(„)- 
valued functions which are left monogenic in U. It is a right F(„)-module. The 
space M(U,F(n)) is given the compact-open topology (uniform convergence 
on every compact subset of C/). If AT is a closed subset of K”, then M(K,F(„)) 
is the union of all spaces M(C/,F(„)), as (7 ranges over the open sets in 
containing AT. The space M(AT, F(„)) is equipped with the inductive limit 
topology. 

Equipped with the Cauchy-Kowalewski product [19, p. 113], the space 
M(AT,F(„)) becomes a topological algebra and the closed linear subspace 
M(AT, F) of M(A', F(„)) consisting of left monogenic extensions of F-valued 
functions on AT is a commutative topological algebra. Then the topological 
algebra M(A', F) is isomorphic, via monogenic extension, to the topological 
algebra Hm(K,F) of F-valued functions analytic in an open neighbourhood 
of AT in K" with pointwise multiplication. The commutativity of M(AT, F) 
arises from pointwise multiplication in Hm{K,F). We write just Hm{K) for 
Hm{K,C). 

The induced topology on Hm{K) is convergence of the left (or right) mono- 
genic extensions on compact subsets of a neighbourhood of K in rather 

than the usual topology of convergence on compact subsets of a neighbour- 
hood of K in K". The distinction is emphasised by the subscript ‘M’. 
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The next statement would follow from the Stone-Weierstrass approxima- 
tion theorem if Hm{K) had the topology of uniform convergence on K. The 
point is that Hm{K) has the topology, inherited from of uniform 

convergence of monogenic extensions on compact subsets of The proof 

below was suggested by F. Sommen and is more direct than the proof that 
appears in [54, Proposition 3.2]. 

Proposition 3.6. Let K he a compact subset o/M". The linear space of all 
scalar valued polynomials is dense in Hm{K). 

Proof. Let U be an open neighbourhood of K in M" and suppose that / : 
U ^ C is an analytic function of n real variables. 

Then there exists a complex valued harmonic function (xq, x) \ — > h{xQ, x) 
defined in a neighbourhood U of C/ in K"+^ satisfying the two properties 

(i) h{xo,x) = h{-Xo,x) 

(ii) h{0,x) = f{x) 

for all X G K" such that (±xq, x) G U . Moreover it is also sufficient to consider 
the open sets O such that they are symmetric with respect to the xq —xq 
reflection and that for fixed x G O, the intersection with the vertical line 
X + aeo, o € K with O is convex. In that case there exists a unique harmonic 
function h satisfying condition (i) and defined in a maximal open domain O 
of the above type which extends /. 

By the uniform approximation theorem for harmonic functions due to J.L. 
Walsh [30, p. 8], for every e > 0 and every symmetric compact subset K of C/, 
there exists an entire harmonic function H{xq,x) such \h{xQ,x) — H{xQ, x)\ < 
e for every (xq, x) G K. The same holds true for ^{H{xo,x) + H{—xo, x)), so 
we can assume H is symmetric in xq. One can also replace the Cp-norm on K 
by any Cpo-norm with derivatives because both topologies are equivalent for 
harmonic functions (by the mean value theorem). 

From Clifford analysis [19, Proposition 14.4, p. 110] we also know that the 
function f{x) extends to a unique monogenic function /(xo,x) for xpep-l-x G 
U. Now h{xo,x) = l/2(/(xo,x) -I- /(— xo,x)) is symmetric harmonic and 
also an extension of f{x). Hence it must be the unique symmetric harmonic 
extension. The function g{xQ,x) = l/2(/(xo,x) — /(— xo,x)) on the other 
hand is antisymmetric monogenic (so it vanishes for xq = 0) and f{xo,x) = 
h{xo, x)+g{xo, x) is monogenic, so that {Dxg + Dx)f = 0. Hence Dxh{xo, x) + 
Dx„g{xo, x) = 0, and the representation 

r^o 

g{xo,x) = — / Dxh{t,x)dt 

Jo 

is valid for the antisymmetric monogenic part (/ of /. In particular, the domain 
of the above type in which / is monogenic is the same as the domain U in 
which h is defined. 
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Hence g{xo,x) is fully expressed in terms of h and its derivatives and so 
if is a Walsh approximation for h for the C^-norm say and if G{xq , x) is 
the function — DxH{t, x)dt then F(xo,x) = H{xo, x) + G{x[),x) is entire 
monogenic and because in the process of producing g (resp. G) there are 
only first order derivatives of h (resp. H) needed, F{xq,x) is a good Walsh 
approximation for f(xo,x) for the Cp-norm on the compact K. This proves 
the claim. □ 




4 



Functional Calculus for Noncommuting 
Operators 



Given a single bounded selfadjoint operator A acting on a Hilbert space, a 
function f(A) of A may be formed by the Riesz-Dunford functional calculus 

f{A) = ^J^{CI-A)-^fiOd(: (4.1) 

as a contour integral about the spectrum a(A) of H if / is analytic in a neigh- 
bourhood of <t(A), or, if / € L°°[Pa) with respect to the spectral measure Pa 
of A, then f{A) may be represented by the Spectral Theorem for selfadjoint 
operators as 

f{A)= [ f{X)PA{d\). 

Ja{A) 

As is well known, both procedures give the same operator /(A) in the case 
that / is analytic in a neighbourhood of <j{A). 

As mentioned in the beginning of Chapter 2, we are looking for a higher 
dimensional analogue of the Riesz-Dunford functional calculus for a system A 
of n bounded linear operators acting on a Banach space. In the noncommuting 
case when A is of Paley-Wiener type s, the Weyl calculus Wa considered in 
Chapter 1 plays the role of a spectral measure for a single selfadjoint operator, 
although Wa is generally an operator valued distribution of order greater than 
one. 

In this chapter, the Weyl calculus Wa (when it exists) is used to define the 
Cauchy kernel Gi^{A) for a higher dimensional analogue of the Riesz-Dunford 
functional calculus. As expected, the two calculi agree and the Cauchy kernel 
Gu,{A) is defined by alternative means when A fails growth estimates for 
exponentials. 



4.1 The Weyl Calculus and the Cauchy Kernel 

Let A = (Ai, . . . , A„) be an n-tuple of bounded linear operators acting 
on a Banach space X. Suppose that s > 0 and that A is of Paley-Wiener 
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type s, as in Definition 2.2. Then according to Theorem 2.7, A is of Paley- 
Wiener type (s,r) for some r > 0 and by Theorem 2.4, the distribution 
Wa = (27t)“" has compact support. 

Suppose that U is an open neighbourhood of the support of Wa in R”- 
As is usual in distribution theory, if / is any extension of / G C°°{U) to a 
smooth function defined on all of K", then the operator f{A) = WaH) is set 
equal to VV’a(/)- Then the distribution Wa ■ f ' — > /(^) over C°°{U) is also 
called the Weyl functional calculus for A. 

Identifying the set M” with the subspace {x G : a;o = 0} of 

the definition of Wa is extended to apply to Clifford algebra valued functions 
defined in an open neighbourhood V in of the support of Wa in K". 

First, the mapping Wa ■ C°°{V) — > C{X) is defined by applying Wa to 
the restriction of functions / G to the open subset V n K" of M". 

The algebraic tensor product Wa !(„) ■ ^ of Wa 

with the identity operator /(„) on F(„) is also denoted just by Wa- Here 
C°°(V)(„) is the locally convex module obtained by tensoring the locally con- 
vex space C°°(V) with F(„), as mentioned in Section 3.2. So, if / = fseg 
is an element of C°°(y)(„), then according to the prescription just given 
Wa(/) = EsWA(/sknR")es. The map Wa ■ C“(F)(„) £(A)(„) is a 

two-sided module homomorphism. The symbols WaH) and f{A) are used 
interchangeably. 

The support supp {Wa) of the distribution Wa, which is independent of 
the particular meaning attached to it above, is a compact subset of K". Let U 
be an open neighbourhood of supp (Wa) in R” and suppose that the function 
f : U —>■ C is (real) analytic, that is, / has a uniformly power series expansion 
in a neighbourhood of every point belonging to U. Let / be a left (and right) 
monogenic extension of / to an open neighbourhood of U in Then 

according to the definition of /(A), the equality 

f{A) = f{A) 0 /(„) = /(A)eo (4.2) 

is valid. Because / is assumed to be analytic in U, it certainly belongs to 
C°°{U) and so f{A) = Wa(./) makes sense. Because of the equality (4.2), the 
element {f){A) of £(A)(„) is written simply as the bounded linear operator 

f{A). 

Suppose that / is an analytic F- valued function defined on an open neigh- 
bourhood of zero in M" and the Taylor series of / is given by equation (3.3). 
The unique monogenic extension / of / is given by equation (3.4). Then, it 
follows easily from equation (2.5) that the equality 

k=0 

holds if (3.3) converges in a suitable neighbourhood of supp (Wa) • The oper- 
ators yL are given by formula (3.6). 



n^) = i: 
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In the case in which the monogenic expansion of a function about a point 
does not converge over all of supp (Wa), the Cauchy integral formula is useful. 
Of course, this is the central idea of the Riesz-Dunford functional calculus for 
a single operator. Moreover, when A is an n-tuple of operators acting on a 
Banach space and the Weyl functional calculus for A is not defined - there 
is no exponential bound - the Cauchy integral formula can be used to define 
functions of the n-tuple A, see Section 4.3 below. Let V denote the vector 
differential operator {d/dx \, . . . , d/dxn)- 

For any y € not belonging to supp (Wa), there exists an open neigh- 
bourhood Cy of supp(>Va) in not containing y, such that the M”+^- 

valued function 



a: ^ Gy(x) = for all x G Cy, 

belongs to C°°(Cy)(n) ■ Then WA(Cy) = (Gy)(A) may be viewed as an element 
of/:(x)(„). 

Example 4-1. Let n = 3 and consider the simplest non-commuting example of 
the Pauli matrices. 



(Ti = 





fT-3 = 




viewed as linear transformations acting on H = C^. Set cr = (ci, a 2 , crs). A 
calculation [7, Theorem 4.1] shows that for all / G the matrix Wa(f) 

is given by 



WM)=I f (f + n-Wf) dfi+ f CT-Vfdpi. 

Here dp, is the unit surface measure on the sphere S'^ of radius one centred at 
zero in and n(x) is the outward unit normal at a; G S^. Thus, supp (Wa-) = 

For all w G M"' such that iv ^ S"^ C VV’o-(G'tj) G £(C^)(3) is given by 
Wa-(Gi^) = I f (Gi^ n ■ VGtj) dp f cr ■ S/Guidp. 

Js^ Js^ 

Let vi,V 2 be the standard basis vectors of C^. For each xq G R, the function 
(x,t) I — *■ Wtj{G(^x+xoeo))'^j is the solution of the Weyl equation 

dtUt + cr ■ Vut = 0 , t > 0 , 

with initial datum uq ( a;) = — UjC)Go(a?-l-a;oeo) = S^^Vj®(xQeQ—x)/\x+XQeQ\^ 
for all X G R^, a: -I- a;oeo yf 0. The function w i — > Wt,j(Gijj)vj is left and right 
monogenic off the sphere of radius t > 0. 
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The following statements are formulated in a context more general than 
that of the Weyl functional calculus because they will also be used in Chapter 

7. 

Suppose that X is a Banach space over the field F and T : C°°(1R”) ^ 
C{X) is a distribution with compact support K. We use the same symbol T 
to denote the map which sends the element f = fs^s C'°°(^)(n) to the 
element '^gT{fs)es of rather than the more descriptive notation 

T ® /(„). In particular, T(/) e is defined for all / € 

Note that T is both a left and right module homomorphism from 
to >C(X)(„). 

Proposition 4.2. Let U be an open subset o/K"+^ containing K = supp(T). 
Suppose that y i — > Fy is a continuous map from U\K into C'°°(iC)(„). If for 
each open set V with V C U \ K , there exists a neighbourhood Ny of K , such 
that for each x G Ny, the F (^n)-valued function y i — > Fy{x) is left monogenic 
in V, then y i — > T{Fy) is left monogenic in U \ K. 

Proof. By Cauchy’s theorem for monogenic functions [19, Theorem 9.6], for all 
intervals I contained in U\K, n{ijj)F^{x) dp,{uj) = 0 for each x belonging 
to some neighbourhood of K. The function y \ — > Fy,y G U\K is continuous, 
and so Bochner integrable in on all boundaries dl of intervals 

/ contained in U\K. Moreover, the function n{uj)Faj dy{uj) belongs to 
C°°{K)(^n) and vanishes in a neighbourhood of the support K oiT. 

The distribution T : C'°°(iC)(„) — > is a continuous linear map and 

a left module homomorphism, so as observed in Section 3.4, the equalities 



[ n{uj)T (F^) dfj,{u>) = [ T {n{u;)F^) dfi{u;) 

Jdi Jai 

= T n{uj)Fa; dy{oj)^ = 0 

hold. By Morera’s theorem for monogenic functions [19, Theorem 10.4], y \ — > 
T{Fy) is left monogenic in U\ K. □ 

The same result holds for right monogenic functions. 

Corollary 4.3. The C{X)(^n)~valued function y i — > WA{Gy) is left and right 
monogenic in \ supp (Wa)- 

Theorem 4.4. Let T be an C{X) -valued distribution with compact support. 
Let 12 be a bounded open neighbourhood of supp(T) in with smooth 

boundary df2 and exterior unit normal n{uj) defined for all u> G df2. Let p, be 
the surface measure of 12. 

Suppose that f is left monogenic and g is right monogenic in a neighbour- 
hood of the closure 12 = f2U df2 of 12. Then 



T{f) = 




T{G^)n{uj)f{uj) dp{u) 
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T{g)= / g{uj)n{uj)T{G^) dg.{uj). 

Jdn 

Proof. We consider only the case where / is left monogenic. The case where 
g is right monogenic is similar. The space of smooth F(„)-valued 

functions defined on 17 is a separable Frechet space with the topology of 
uniform convergence of functions, and their derivatives, on compact subsets 
of 17. The continuous function uj i — > Gujn{uj)f{uj),(M G dfi takes its values in 
C°°(17)(„) and satisfies ^g^p{Gi^n{uj))\f{ijj)\dix{uj) < oo for each continuous 
seminorm p on C°°(l7)(„), that is, it is Bochner integrable in C°°(l7)(„). 

By the Cauchy integral theorem (3.2), the equality 

f{x)= [ Gu;{x)n{uj)f{u})dp{uj) 

Jdn 

holds for all x belonging to the open set 17. Combining this equation with 
the observation made in the Section 3.4, and the fact that the distribu- 
tion T defines a continuous linear map and right and left module homo- 
morphism (denoted by the same symbol) from C°°(l7)(„) into the space 
>C(7f)(„) with the uniform operator norm, it follows that the function uj i — > 
T{Gu;)n{uj)f{uj),uj G 9l7 is Bochner integrable in the space £(7f)(„p with the 
uniform norm, and the equalities 



T 




G^n{uj)f{u;) dp,{uj) 




T {G^n{Lu)f{u)) dp{uj) 




T{G^)n{uj)f{uj) dpiuj) 



hold. In the second equality, the fact that T is a right module homomor- 
phism has been used. The stated equality T(/) = Jg^T{Guj)n{uj)f{uj) dp{uj) 
therefore holds. □ 



Corollary 4.5. Let Q he a bounded open neighbourhood o/supp (Wa) in 
with smooth boundary dfl and exterior unit normal n{ui) defined for all uj G 
df2. Let pL he the surface measure of 17. 

Suppose that f is left monogenic and g is right monogenic in a neighbour- 
hood of the closure 17 = 17 U 9l7 of L2. Then 

/(A) := Wa(/) = / WA{GM^)f{^)dp{uj), (4.4) 

Jdn 

g{A) :=WA{g) = [ g{uj)n{uj)WAiGuj)dp{uj). (4.5) 

Jdn 

Corollary 4.6. Suppose that f : U ^ ¥ is a real analytic function in a 
neighbourhood U o/supp (Wa) in K". Let V be an open subset o/M"+^ such 
that V n K" = U and / : C ^ F(„) is a left and right monogenic function 
such that f{x) = f{x) for all x G U. 
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Let [2 he a hounded open neighbourhood of supp (Wa) in such that 

f2 C V. Furthermore, suppose that LI has a smooth oriented boundary dL2 
and exterior unit normal n{uj) defined for all to € dQ. Let p. he the surface 
measure of L2. Then 



/(A)= / WA{GM^)f{^)dp{ix) 
Jan 


(4.6) 


= [ f{u)n{u)WA{Guj)dp{uj). 


(4.7) 



an 



We mention here that the extension of these results to H-vahied func- 
tions for a Hilbert space H is straightforward. First, if / = 
monogenic functions fj and vectors hj G H, then T{f) = T{fj)hj and the 
above equality holds. In the limit, both sides of the equation converge because 
C'“(supp(T)) (g) iJ is dense in C“(supp(r); H). 



4.2 The Joint Spectrum and the Cauchy Kernel 

Let A be an n-tuple of bounded linear operators acting on a Banach space 
X. Suppose that A is of Paley-Wiener type s for some s > 0. 

Comparison of equations (4.6) and (4.7) with equation (4.1) for the Riesz- 
Dunford functional calculus shows that the >C(X)(„)- valued function u> i — > 
AiAiGuj) defined for all w G not belonging to the joint spectrum 7 (T) of 

A is the higher-dimensional analogue of the resolvent family A i — > (A/ — 4)“^ 
of a single bounded linear operator A, that is, the Cauchy kernel for the 
functional calculus given by formula (4.6). 

The spectrum a{T) of a single operator T is the set of ‘singularities’ of 
the resolvent function A i — > (A/ — T)~^. It is not immediately obvious that 
the joint spectrum 7 (A) of A is actually the set of singularities of the Cauchy 
kernel u 1 — > G,^{A). 

Before looking at this point more closely, we first see that there is another 
way to define the Cauchy kernel Gi,j{A) for all uj G outside a sufficiently 

large ball, in such a way that it need not be assumed that A is of Paley-Wiener 
type s for some s > 0. A clue is provided by the Neumann series 

-| CXD rpk. 

(A/-T)-i = -^^, for|A|>||T|| 

^ fc =0 

for the resolvent of T. 

For each uj G such that w yf 0, let 
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be the monogenic power series expansion of Gi^ in the region |a:| < |w| 
[19, 11.4 pp77-81]. Here is given for each w G 0 by 

(— •• ■ duji^Guiifi) and yb - h jg given by equation (3.5). 

It follows from equation (2.5) for the Weyl calculus that 

fe=0 \{h,...,lk) 

for all U! G such that jwj > (1 + V2)\\J2J=i Formula (4.9) is 

adopted as a definition of the Cauchy kernel in [68, Definition 3.11]. The sum 
converges in £(Jf)(„) because of the following result. 

Lemma 4.7. Let A be an n-tuple of hounded linear operators acting on a 
Banach space X. Let i? > (1 + v^)!! Then the sum 

OO 

k=0 

converges uniformly for all u G such that |w| > R. 

Proof. The norm q£ ig bounded by 

ii V jfe 



(G.)(A) = E 




where the sum is over all distinguishable permutations of (li, . . . , Ik). Suppose 
that for each j = l,...,n, the index j appears exactly kj times in the Oc- 
tuple {li, . . . ,lk). Then k = ki + - — \-kn and there are , distinguishable 

permutations of (?i, . . . , /fc). Thus, ||Kb-"b(A)|| < • • • ||H„||'=". 

It suffices to show that for each i? > (1 + v^)]! the sum 

• • • dtlG^m . . . ||H„||'=" 




converges uniformly for all |w| > i?, w G However, this follows from the 

normal convergence of the multiple power series 

1 

\y - x\ 

for |a:| < (v^ - 1)|?/| [19, p. 83] and the equality Gu;{x) = , 

valid for all uj ^ x. □ 



fc =0 



(-1)^ 

ki 



(X,^y 



\y\" 




46 



4 Functional Calculus for Noncommuting Operators 



We know from Corollary 5.3 that the function defined by formula (4.9) for 
all |u;| > (l + -\/2)|| ejW is actually the restriction of an £(X)(„)-valued 

function monogenic in \supp (Wa)- The question remains as to whether 
there is a larger open set on which this function has a monogenic extension. 

Let us say that the monogenic spectrum 7(A) of the n-tuple A of bounded 
liner operators is the complement of the largest open set U C in which 

the function oj \ — > (Gi^)(A) defined by the series (4.9) is the restriction of a 
monogenic function with domain U . Note that this definition does not require 
A to be of Paley- Wiener type s for some s > 0. 

The proof of the following theorem uses a higher-dimensional version of 
the argument used in the proof of Theorem 2.7 (cf. equation (2.9)). 

Theorem 4.8. Let s > 0 and let A be an n-tuple of hounded linear operators 
of Paley-Wiener type s. Then 7(A) = supp (Wa) = 7(A). 

Proof. By Definition 2.5, the joint spectrum 7(A) is the support of the oper- 
ator valued distribution Wa- 

We have established in Corollary 4.3 that 7 (A) C supp(>Va)- Let x G 
7(A)^^, let U C 7(A)° be an open neighbourhood of x in M” and suppose that 
^ is a smooth function with compact support in U . 

Let g G X , h G X'. A comparison with [19, Definition 27.6] shows that the 
F(„) -valued monogenic function w 1 — > {{Guj){A)g, h), u G \ supp (Wa), 
is actually the monogenic representation of the distribution (WAg, h) '■ f ' — *■ 
(WA(f)g, h), for all smooth / defined in an open neighbourhood of supp (Wa)- 
Then (WAg,h)(G^) = ((Guj)(A)g,h) and by [19, Theorem 27.7], 

(WAg,h)((l>) = lim / [((Gy+y„eo)(A)g,h) - i(Gy-y„eo)(A)g,h)](j)(y)dy. 
yo^o+ Ju 

Because u 1 — > (Gi,j)(A) is monogenic (hence continuous) for all w in [/, the 
limit is zero, that is, (WaP, h)(4>) = 0 for all g G X, h G X' and all smooth (f 
supported by U. Hence x G supp (Wa)^^, as was to be proved. □ 

Henceforth, the tilde is omitted and 7(A) denotes both the joint spectrum 
and the monogenic spectrum of A. The term joint spectrum is used for both 
concepts. 

Remark 4-9- The significance of the Cauchy kernel oj 1 — > (Gt„)(A) is that 
it is the monogenic representation or ‘Cauchy transform’ of the distribution 
Wa off supp (Wa) - the distribution Wa represents the ‘boundary values’ 
on K” of the monogenic function uj i — > (Gu,)(A). In Section 5.3, the support 
of the distribution Wa for a pair A of hermitian matrices is determined by 
examining discontinuities of the Cauchy kernel (Gi^)(A). 

Example 4-10. Let A = (as, ai). It follows by applying [7, Theorem 2.9 (a)] to 
Example 4.1 that the support of Wa is the closed unit disk D C centred 
at zero, so 7(A) = D. An explicit calculation is given in [32, Example 2]. The 
Clifford spectrum a(A) of [68, Definition 3.1] is a(A) = {(0,0)}. 
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In order to define the Cauchy kernel G^{A) := WAiGui) so that equations 
(4.6) and (4.7) hold, the assumption that A is of Paley-Wiener type s is 
used to construct the distribution Wa- It is a simple matter to write down 
an example of a commuting pair A = (^ 1 ,^ 2 ) of bounded linear operators 
acting on ^^(N) for which the bound 

||g*(?iAi+6A2)|| < foj. all ^ e ]R2 

fails, but ct(^i21i + ^ 2 ^ 2 ) C K for all ^ G 

Example 4-11. For each n = 1, 2, . . . , let C/„ be the n x n matrix such that 
{Un)jj+i = 1 for all j = l,...,n — 1, and (Un)k,j = 0 otherwise. Let I„ 
be the n x n identity matrix. Let Ai : /^(N) ^ ?^(N) be the direct sum of 
(— !)”/„ for n = 2,3,... and let A 2 : /^(N) ^ ^^(N) be the direct sum of 
Un for n = 2,3, ... . There exists no C > 0 and no s > 0 for which the 
commuting pair A = ( 241 , 24 . 2 ) of operators on Z^(N) satisfies the bound (2.2). 
Nevertheless, the spectrum cr(^i24i +,^ 2 ^ 12 ) of the operator +,^ 2^2 is real 
for all ^ G because it is real on each common invariant subspace. 

Let X I — > Gi^{x),x = (xo,xi,X2) G be the Cauchy kernel on for 
Lo ^ X. The natural definition of Guj{A) suggested by the matrix functional 
calculus is obtained by taking the direct sum of 

n ^ 

^-a2"G4(o,(-i)"+\o))(c/„+i)'= 

k=0 

for n = 1, 2, . . . for each w G \ ({0} x {—1, 1} x {0}). 

The example above suggests adopting the power series expansion (4.9) as 
the definition of Guj{A) for general n-tuples A. 

Although (4.9) makes sense for any n-tuple of bounded operators, the 
problem remains of enlarging the domain of definition of the monogenic func- 
tion defined by (4.9) to be as large as possible in a unique way, such as in the 
case when the natural domain is connected. The following assertion allows us 
to define the monogenic functional calculus. 

Theorem 4.12. Let A = (Ai,...,A„) be an n-tuple of bounded operators 
acting on a Banach space X. Suppose that 

ct((A,0)CK, forallfGR^. (4.10) 

Then the L(^n){A(n))-valued function u> 1 — > Gu,{A) defined by formula (4-9) is 
the restriction to the region |w| > (1 -I- V^)\\ ^j^jW ® function which 

is two-sided monogenic on the set \ R". 

To prove the theorem, we appeal to a series of key lemmas, in which we 
suppose that the n-tuple A satisfies the conditions of the theorem. Let ds be 
the surface measure of the unit (n — l)-sphere in R". 
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We view the n-tuple A = (^i, . . . , An) of bounded linear operators acting 
on a Banach space X as an element A = of fh® Banach module 

In the following statement, M" is identified, as usual, with the set 
of all X G for which x = (0,xi, , Xn), and in turn, is identified 

with a subspace of the Clifford algebra M(„) . 

Lemma 4.13. Let y = Vo ^ 0- Then for each s G 

{yl — A,s) — yosi is invertible in 

Proof. The inverse of {yl — A,s) — yosI is given by 

{{yl -As)- yosI)~^ = {{yl - s) + yosI){{yI - A, s)^ + 

We see that this makes sense as follows. 

Let s G j/o G Rj 2/0 0 and y G K". Let / : K ^ (0, oo) be defined 

by f(^) = ((?/) s) — a;)^ + yg for all a: G K. Then applying the Spectral Mapping 
Theorem to the bounded operator (yl, s), 

- A, sf + yll) = f[(T{{A, s))] C /(R) C (0, oo). 

Hence, the operator {yl — A, s)^ + y^I is invertible for yg 7^ 0- Moreover, 
it commutes with {yl — H, s) ± yosI, since all three operators involve only 
multiples of the identity I and the single operator {yl — A,s). By direct 
calculation, 

{{yl - A,s) + yosI){{yI - A,.s) - yosI) = {{yl - A, s)^ + y^I), 

because under Clifford multiplication, = — 1 for all s G S"~^. □ 

Thus, for each s G 5'"“^, the inverse ({yl — A, s) — ygs) ^ exists as an 
element of £(„)(X(„)) and so 

({yl- A,s) - yos)~" = [({yl - A,s) - yos)”^) 

is an element of £(„)(An)) too. 

The following lemma completes the proof of Theorem 4.12. 

Lemma 4.14. For each real number yo yf 0, and each y G R", the 

valued function s i — > (cq + is)({yl — A, s) — yos) " defined for s G is 

Bochner fr-integrable on 5'"“^, and the function 



y + 2/oeo 



/ (eo + ts)((y/ - A, s) - yos) 



ds 



is left and right monogenic on R"+^ \ R". 

Furthermore, if yo >0 and \y I > (1 + -\/2)||A||, then 



G 



y+yoeo 



{A) 



{n 




{eo + is){{yI - A,s) -yos) ds. 



2 



5n-l 
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If Vo < (> and \y\ > (1 + -\/2)||4l||, then 

Gy+voeoi^) = 2 (^) is _^(eo + *s)((y-f- As)-yos)"”ds. 

Here the left-hand sides of the equations are defined by (4-9). 

Proof. The function s i — > (eo + is)[{yl — A, s) — yos) " is continuous on 
and so Bochner /i-integrable. The monogenicity of the function follows 
by differentiation under the integral sign. 

We shall establish the equality 

X / {eo-\- is) {{yl -tA,s) - yos)~" ds (4.11) 

Js^-^ 

for all 0 < t < 1, 2/0 > 0 and \y\ > (1 + v^)||A|j. The case t/o < 0 is similar. 
For t = 0, the left hand side of equation (4.11) is equal to 



G. 



y+yoeo 



(0) 



1 ypep -y j 
|y + 2/oeo|”+^ 



An appeal to Proposition 3.4 shows that the right hand side equals Gy+y^eo (0) 
at t = 0. By differentiation under the integral sign, for r/o > 0, the right hand 
side of (4.11) is a solution of the initial value problem 



dtu{y,t) + {A,\/y)u{y,t) = 0, u{y,0) = Gy+ygeo{0)I, (4-12) 

in the Banach module >C(„)(A(„)). Then 

u{yA) = Gy+y„eo(Q)I - [ {A,Vy)u{y,s)ds. (4.13) 

Jo 

In the case that I 2 / 0 I > |y| + ||A||, a power series expansion shows that the 
right hand side of (4.11) is analytic in t for all |f| < 1. 

Let 2 / G K” satisfy \y\ > (l + -\/2)||A|j and set w = yoeo + U- In the notation 
used in formula (4.9), the series 



00 / 

k=0 \{h,...,h) 

represents (0) and iterating equation (4.13), we find that 

u{y,t) = e"<^’^«>*Gy+j;„eo(0), 




that is, the solution of equation (4.12) with the initial condition u{y,0) 
Gy+ygeo{Il)I has the series representation (4.14). 
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In the region F C where \y\ > (l + -\/2)||^|| and |j/o| > |y| + ||^||, the 

right-hand side of equation (4.11) and the expression (4.14) are analytic in t 
for 0 < |t| < 1, so equality follows for all 0 < |t| < 1 in the region F by the 
uniqueness of the Taylor series expansion. Both sides of equation (4.11) are 
monogenic in their domains, so by unique continuation, the equality (4.11) 
must be true for all 0 < |t| < 1 and all yo > 0 and \y\ > (1 -I- -\/2)||4l||. □ 

The maximal monogenic extension of the function iv i — > Gi^(A) is denoted 
by the same symbol, that is, let 17 be the union of all open sets containing the 
open set T = {|u;| > (1 -|- -\/2)|!^||} on which is defined a two-sided monogenic 
function equal to w i — > Gi^{A) on T. Then a two-sided monogenic function 
equal to oj i — > Gu;{A) on F is defined on all of 17. It is unique because 17 is 
connected and contains T - a compact subset of K" cannot disconnect R"+^. 

Definition 4.15. Let A be an n-tuple of bounded operators acting on a 
nonzero Banach space X. Suppose that condition (4.10) holds. 

The complement 7(A) of the domain 17 of w 1 — > Gi^{A) is called the joint 
spectrum of A. 

By Theorem 4.8, this definition of 7(A) is consistent with Definition 2.5 in 
the case that A is of Paley- Wiener type s. Moreover, the maximal monogenic 
extension of the function oj \ — > Guj{A) defined by formula (4.9) is equal to 
Wa(G<^) for all w G R”+i \ 7(A). 

According to Lemma 4.14, the joint spectrum 7(A) is contained in the 
closed ball of radius (1 -I- -\/2)(X]"=i about zero in R", so it is 

compact by the Heine-Borel theorem. The following result was mentioned in 
[68, Lemma 3.13], but with a different definition of the spectrum. 

Theorem 4.16. Let A be an n-tuple of hounded operators acting on a nonzero 
Banach space X such that condition (4.10) holds. Then 7(A) is a nonempty 
compact subset o/R". 

Proof. It only remains to show that 7(A) is nonempty. The norms of the co- 
efficients of the expansion (4.9) decrease monotonically with jwj, 

so the function to 1 — > Guj{A) is bounded and monogenic outside a ball. If 
7(A) = 0, then for each x G X and ^ G X' , the function u) 1 — > {Gi^{A)x,f) 
is two-sided monogenic inside any ball, and so it is bounded and two-sided 
monogenic everywhere. By Liouville’s Theorem [19, 12.3.11], it is a constant 
function. However, by the Hahn-Banach theorem we can obtain x € X and 
i & X' and loi,u >2 G R”+^ such that (G;jj (A)x, yf {G^.^{A)x,f), a contra- 
diction. □ 

The following result shows that singularities in the Cauchy kernel oj i — > 
Gi^{A) may be detected just from discontinuities. 

Proposition 4.17. Let A he an n-tuple of bounded operators acting on a 
Banach space X such that cr((A,^)) C R for all ^ G R". Then 7(A) C R" 
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is the complement in of the set of all points to € at which the 

function 

{y + 2/oeo) ' — > sgn(?/o)”"^ / (eo + is) {{yl -A,s)~ yos)~" ds 
is continuous in a neighbourhood of u>. 

Proof. Suppose that the function is continuous in a neighbourhood U C 
of w G By Lemma 2.5 and Painleve’s Theorem [19, Theorem 10.6, p. 

64], the function 

y + yoeo I — > sgn(yo)”"^ / (eo + is) {{yl - A,s) - yos)~"' x, f)ds 

is two-sided monogenic for each x G X and f G X' . The statement now follows 
from the equality 




(eo -h is) {{yl 



A,s)-yos) "^x,^)ds 



{eo + is){{yI - A,s) -yos) "ds 



(4.15) 



and the observation that an /l(„)(Jf(„))-valued function is left or right mono- 
genic for the norm topology if and only if it is left or right monogenic for the 
weak operator topology. □ 



As a consequence of Proposition 4.17, the set 7 (A) remains the same, if, in 
the definition of 7 (A), the term “two-sided monogenic” is replaced by either 
‘left monogenic’ or ‘right monogenic’. 

We have established the following plane wave representation for the 
Cauchy kernel G^{A), uj G \ 7 (A), of an n-tuple A of bounded lin- 

ear operators on X with the property that 0 '{{A, f)) C M for all ^ G K". 

In the case 10 G and uj = y + yoeg with y G M" and j/o a nonzero real 

number, we have 



G^(A) = sgn(yo)"-' 

X [ {eo + is) {{yl - A,s) - yos)~'^ ds. (4.16) 
Js«-^ 

If w G M" \ 7 (A), then Gu;{A) is equal to the limits 



{n-l)l f i'' 

I 

■— — lim [ {eo + is){{ujI - A,s) -yos)~'^ ds. 
\ 27T / yo^O J 



o \o I / {eo + is){{ujI - A,s) -yos) ds. 

2 \2tt J yo^O+dgn-i 



2 



gn-l 
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4.3 The Monogenic Functional Calculus 

Let A be an n-tuple of bounded operators acting on a Banach space X such 
that cr((A,^)) C M for all ^ € K". Let 17 be a bounded open neighbourhood 
of 7(A) in with smooth boundary df2 and exterior unit normal n(uj) 

defined for all w G df2. Let be the surface measure of df2. Suppose that / 
is left monogenic in a neighbourhood of the closure 17 = 47 U df? of 17. Then 
we define 

fiA)=[ G^{A)n{u)f{uj)d^i{uj) (4.17) 

Jon 

In Section 2.8, the space of all left monogenic functions defined in a neigh- 
bourhood of 7(A) in was denoted by M(7(A), F(„)). It is a right module 
because D{fX) = {Df)\ = 0 for all / G M(7(A),F(„)) and A G F(„). 

Definition 4.18. The linear mapping and right-module homomorphism / 1 — > 
/(A) defined for all / G M(7(A),F(„)) by equation (4.17) is called the mono- 
genic functional calculus. 

Our interest is mainly in the application of the monogenic functional cal- 
culus to the closed linear subspace Hm{'^{A)) of M(7(A),F(„)) so that oper- 
ators /(A) G C{X) are formed for any analytic functions / of n real variables 
defined in a neighbourhood of the compact subset 7(A) of M". That the 
monogenic functional calculus is actually well-defined is considered below. 

Because w 1 — > G^{A) is right monogenic, the element /(A) of £(„)(A(„)) 
is defined independently of the set 17 with the properties mentioned above. 
This may be seen by taking x € X and f G Xh Then by the properties of 
Bochner integrals mentioned in Section 3.4, the equality 

{f{A)x,0= [ {G^{A)x,f)n{uj)f{uj)dfi{uj) 

Jdn 

holds and the F(„)-valued function uj 1 — > {Gu;{A)x,£,) is two-sided monogenic 
off 7(A). The analogue for monogenic functions of Cauchy’s Theorem [19, 
Corollary 9.3] mentioned in Section 2.4, ensures that the open set 17 can be 
changed as long as the boundary of the set 17 does not cross 7(A). Because 
this is true for all a; G A and ^ G A', the Hahn-Banach theorem ensures that 
the value of the integral (4.17) does not change when 17 is so modified. 

Moreover, a similar argument shows that if / : F ^ C is a function analytic 
in a neighbourhood V of 7(A) in K" and fi '■ U\ ^ C(„) and f 2 '■ U 2 ^ C(„) 
are left monogenic functions defined in neigbourhoods Ui, U 2 of 7(A) in 
such that /i(a;) = f{x) for all a: G UiDV and f 2 {x) = f{x) for all a; G C/2 C F, 
then /i(A) = /2(A). It therefore makes sense to define /(A) = /i(A). In 
Theorem 4.22 (iv), we show that /(A) actually belongs to the closed linear 
subspace £{X) of the Banach module £(„)(A(„)). 
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The operation / i — > f{A) defined on HMiliA)) extends to analytic functions 
with values in a finite dimensional vector space V over C by application to 
the component functions of /. In particular, if f : U ^ C(„) is an analytic 
function defined on a neighbourhood U of 7 (A) in K" and / = fs^s for 
the scalar component functions fs defined for S C {1, ■ ■ ■ ,n}, then f{A) = 
J2s fs{A)es- If the term ‘analytic’ is replaced by ‘(7°°’, then this property is 
shared with the Weyl functional calculus, see [53]. 

The following proposition follows directly from equation (4.4). In particu- 
lar, the earlier notation is consistent with the present notation. 

Proposition 4.19. Let A be an n-tuple of hounded linear operators acting on 
a Banach space X. Suppose s > 0 and that A is of Paley- Wiener type s. 

Then for each f G M( 7 (A),F(„)), the element f{A) defined 

by formula (4.13) is equal to W’a(/)- 

In this special case, it follows immediately that /(A) G T(X) for / G 
Hm(i(A)). 

The following statement follows from formula (4.13) and the estimate 
||/(A)|| < 2”/Vai7) sup ||G'u;(A)|| sup |/(u;)|. 

Proposition 4.20. Let A he an n-tuple of bounded operators acting on a Ba- 
nach space X. Suppose that cr((A, ^)) C M for all f G M". Then the mapping 
f I — > ./(^) is continuous from M( 7 (A),F(„)) to £(„)(A(„)). 

Proposition 4.21. Let A be an n-tuple of hounded operators acting on a 
Banach space X such that cr((A,^)) C M for all f G M". Suppose that f : 
U C(„) is left monogenic in an open neighbourhood U in of the closed 

unit ball of radius (1 -I- '\/2)(X]j=i ll^jlP) about zero. 

If the Taylor series of f restricted to U D K" is given by 

00 ^ n n 

fix) = XI ^ XI ■ ■■ XI ah-ikXh---xi^, (4.18) 

k^o ■ h^l Ik^l 

with G C(n)j then 



^ 7 . ..4(A) 

k=0 \{h,...,lk) 

Proof. Let 12 be an open set in M"+^ with smooth boundary dI2 such 
that f2 C Br{0) C U and 12 contains the closed unit ball of radius (1-1- 
>/2)(X]J=i fo The series 

00 w n n 

fi^i = X ^ X • • • X y‘"'"'"ix)ah...i„ 

■ h^l Ik^l 



iw = i: 



j (4.19) 
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representing the left monogenic extension of (4.18), converges normally in Q 
[19, 11.5.2], so 



It follows from the expansion (4.9) and formula (12.2) of [19, p. 86] that 



/ G^(A)n(w)y'i-''=(w) dfi(w) = 

JdO 

for all li, . . . ,lk = ■ ,n and k = 1,2,.... The equality (4.19) follows. □ 

Theorem 4.22. Let A be an n-tuple of bounded operators acting on a Banach 
space X such that cr((A,^)) C K for all ^ € K". 

(i) Suppose that fci, . . . , = 0, 1, 2, . . . , fc = ki + • • • + kn and f{x) = 

x\^ ■ ■ ■ for all X = {xi , . . . , x„) G M". Then 

■f E ’ 

7T 

where the sum is taken over every map tt of the set {l,...,fc} into 
{l,...,n} which assumes the value j exactly kj times, for each j = 

l,...,n. 

(a) Let p : C ^ C be a polynomial and f G C". Set f{z) = p{{z,()), for all 
zeC". Then f (A) = p{{A,0). 

(Hi) Let fl be an open set in containing 7 (A) with a smooth boundary 

dfl. Then for all to ^ fl, 



GUA)= [ Gc(A)n(C)G.(C)dMC), 

Jan 

where the left-hand side is defined by equation ( 4 . 16 ). 

(iv) Suppose that U is an open neighbourhood of A) in M" and f : U ^ C 
is an analytic function. Then f{A) G T{X). 

Proof, (i) Let T be the set of all /c-tuples {h,. . . ,lk) in {1, . . . , n}* for which 
j appears exactly kj times, for each j = l,...,n. Let a.y = kil • • • k„l for 
all 7 G T and a.y = 0 for all 7 G {l,...,n}^ \ T. Then x^^ = 

rr Z)”i=i ■ ■ ■ X]Ei a(;i....,ifc)a;ii • • • a;;;,, so by the proposition above, 

I{A)= ^ ^ A^(i) ■ ■ ■ A^(k)- 

ih,...,lk) 

Statement (ii) follows from (i) because only symmetric products of the 
(Aj) appear in both f{A) and p{{A,())). 
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(iii) On appealing to equations (4.8) and (4.9), the equality follows directly 
from Proposition 4.21 for all w ^ 17 such that |w| > (1 + -\/2)|j^|j. Both sides 
of the equation are right monogenic in 17 in the complement of the set 17, so 
equality follows there by unique continuation. 

(iv) According to (i), p{A) e £(A) for any scalar valued polynomial p 

on M". By Proposition 3.6, there exists an open neighbourhood P of [/ in 
]gn+i monogenic extension / of / can be approximated on 

compact subsets of V by monogenic extensions of scalar polynomials on R". 
An appeal to Proposition 4.20 shows that f(A) belongs to the closed linear 
subspace £(X) of £(„)(A(„)). □ 

As follows from [7], the Weyl functional calculus Wa for an n-tuple A of 
bounded operators acting on a Banach space X is determined by the following 
two properties: 

a) Wa ■ C°°(K") ^ £(X) is a continuous linear map for the operator norm; 

b) Wa{p{{ ■ , 0)) = 0) for every polynomial p : M ^ K and ^ G M”. 

The Paley-Wiener Theorem ensures that the inverse Fourier transform (Wa)~ 
of Wa extends to an entire analytic function on C" satisfying an exponential 
bound and b) guarantees that that (W’a)’(C) = (27r)“”e*^"^'^^ for all ^ G R". 
Hence Wa = (27r)“”(e*^"^’^^)'. In particular, a{{A,^)) C R for all ^ G R" 
(see, for example, [75, Corollary 7.5]). 

The analogous statement for the monogenic functional calculus follows. 

Theorem 4.23. Let A be an n-tuple of hounded linear operators acting on a 
Banach space X. Suppose that there exists a compact subset K o/R" and a 
map T such that 

a) T : Hm{K) £{X) is a continuous linear map; 

b) T{p{{ - ,f))) = p{{A,f^)) for every polynomial p : R ^ R and ^ G R”. 

Then a{{A,f)) is real for each ^ G R", 7 (A) C K and T{f) = f{A) for every 
f&HM{K). 

Proof. Denote the tensor product T 0 /(„) of T with the identity /(„) on 
F(„) by T again and define T : M(AT,F(„)) ^ £(„)(A(„)) by T(/) = T{f\jj), 
f G M(AT, F(„)), for an open neighbourhood U of AT in R" in which / is 
defined. 

Let ^ G R” and {K,£f) := : x G K} C R. For all A G C \ (K,f), 

the function x 1 — > (A — belongs to Hm(K) and the function A 1 — > 

(^ ~ ( ■ is an HM{K)-valued analytic function on C \ so 

l^{X-{-,O)-^d\ = 0 

in Hm{K) for all closed contours P contained in C \ The integral 

converges as a Bochner integral, so that 
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^T((A - (• ,0)-') d\ = T = 0. 

By Morera’s Theorem, A i — > T((A — £(X)-valued analytic 

function defined in C \ (iC, . By b) and the continuity of T, the equality 

(A-(A,0)-i = r((A-(.,e))-') 

holds for all A e C such that |A| > sup \{K, ^)|. It follows that the resolvent set 
of the operator (A, contains the set C\ {K,^), that is, a{{A,^)) C {K,^) C 

K. 

As in the proof of [7, Theorem 2.4], property b) and the continuity of T on 
Hm{K) guarantee that T{f) is equal to (4.19) for all complex valued analytic 
functions / with a power series given by (4.18) in an open neighbourhood of 
K with G C. 

Let R > {1 + -\/2)||A|| be so large that K is contained in the open ball 
Br{0) of radius R in According to equations (4.8) and (4.9), it follows 

that Gi^{A) = T{Guj) for all w € with jwj > R. 

Now the function cj i — > G^j is monogenic from \ K into M(K, ¥(„))} 

because for each a € \ K there exist disjoint open sets U and V in 

such that a £ U , K C V and VujGcj{x) is uniformly bounded and uniformly 
continuous for all w G 1/ and x gV. Consequently, u i — > T{Guj) is monogenic 
from K"+^ \ K into £(„)(A(„)) and the function defined by equation ((4.9)) 
has a monogenic extension off K, that is, 7(A) C K and G^^{A) = T{G^) for 
all w G K”+^ \ K. 

Let / G Hm{K) and suppose that / is a left monogenic extension of / 
to an open neighbourhood of K in We may suppose further that / is 

defined in a neighbourhood of the closure 17 of a bounded open set f2 Z) K 
in for which the Cauchy integral formula (3.2) holds for /. Then by 

formula (3.2), we have 



T{f) 







IdO 

f 

IdO 



T(GU-Mu;)f{io)) d^iiu) 
T{G^)n{u!)f{u;) d/r(w) 
G^{A)n{u)f{u;) d/x(w) 



Jan 

/(A). □ 



The monogenic functional calculus, when it exists, is therefore the richest 
analytic functional calculus satisfying b) that can be defined over a compact 
subset of K”. 

Suppose that L : K" ^ K™ is an affine transformation given by {Lx)k = 
^kjXj + dk for all x G K" and k = 1, . . . , m. The m-tuple LA is given 
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by {LA)k = ^kjAj + dkl and Lf = / o L for a function defined on a 

subset of M™. Let ttj : M" ^ M be the j’th projection iTj{x) = Xj for all 

X = (a;i , . . .,Xn) G R". 

The following properties of the Weyl functional calculus [7, Theorem 2.9], 
suitably interpreted, are also enjoyed by the monogenic functional calculus. 

Theorem 4.24. Let A he an n-tuple of hounded operators acting on a Banach 
space X such that cr((A,^)) C R for all ^ € R". 

(aj AfRne covariance: if L : R" ^ R™ is an affine map, then 'y(LA) C 
L'y(A) and for any function f analytic in a neighbourhood in R™ of 
L'j\a), the equality f{LA) = {f o L){A) holds. 

(b) Consistency with the one-dimensional calculus: if g : 'R ^ C is 
analytic in a neighbourhood of the projection 7 Ti 7 (A) ofj(A) onto the first 
ordinate, and f = goni, then f{A) = 5 (^ 1 ). We also have consistency 
with the k-dimensional calculus, 1 < k < n. 

Continuity: The mapping (T, f) 1 — > /(T) is continuous for T = 
from £(„)(A(„)) x M(R”+\ C(„+i)) to £(„)(A(„)) and from 
£{X) X i7M(R”) to £{X). 

(d) Covariance of the Range: IfT is an invertible continuous linear map on 
X and TAT~^ denotes the n-tuple with entries TAjT~^ for j = 1, .. .n, 
then j(TAT~^) = 7 (A) and f(TAT~^) = T f {A)T~^ for all functions f 
analytic in a neighbourhood of j{A) in R". 

Proof, (a) The mapping / 1 — > / o L{A) defined for all / G Hm(Lj{A)) 
satisfies the conditions of Theorem 4.23 for the m-tuple LA, so ^{LA) C 
L"f{A) and / o L{A) = f{LA) for all / G Hm{Lj{A)). 

(b) Set L = TTi and apply (a). 

(c) Let A = Yl'j=\Ajej and choose R > (-\/2 + 1)||A||. Let Ur be the 

intersection of the open unit ball of radius R in with the sub- 
space ^ 3^3 • ^3 G £{X)}. According to equation (4.9), the mapping 

(w,T) I — > G^{T) is continuous from R”+^x[/i^ into for all jwj > R. 

Let Br{0) be the open ball of radius r > R in R"+^. Then from (4.18) we 
have 

ll/i(Ti) - / 2 (r 2 )|| < [ \\GUTi)n{u;)h{u;) - GUT 2 )n{u;)Mu;)\\ dqi{oj) 

JdBriO) 

<2”/V9B.(0))f sup ||G^(Ti)-G„(r 2 )|| 

\ujedBr{0) 

xmax{ sup |/i(w)|, sup |/ 2 (w)|} 

iOGdBr{0) LUGdBr-{0) 

+ sup ||/i(u;) - / 2 (u;)|| 

UjedBr-(O) 

X max{ sup |Gt„(Ti)|, sup |Gc,;(T 2 )|} 

cjGdBr(O) cjGdBr(O) 
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for all Ti,T 2 G Ur. The spaces M(K”,C(„)) and are isomor- 

phic [19, Corollary 14.6]. Combined with Theorem 4.22 (iii), this completes 
the proof of (c). 

(d) follows from the identity Gt^{TAT~^) = TGa>{A)T~^ valid from (4.18) 
for [wj large enough. Then ^{TAT~^) C 7(A). The reverse inclusion comes 
from writing Gu,{A) = T~^G^{T AT~^)T for [wj large enough. □ 

The inclusion in (a) may be proper, as may be seen from the equality 
= a{Ai). The next assertion shows that property ii) of Theorem 4.22 
can be extended from polynomials to analytic functions. 

Proposition 4.25. Let A be an n-tuple of bounded operators acting on a 
Banach space X such that a((A,^}) C M for all f G M". Let C G C" and set 
(7(-4),C) := {(a;,C) : x G 7(^)}- Then a{{A,f)) C (7(A), C). 

Suppose that U C C is a bounded open set with connected complement 
containing the set (7(A), C). Suppose that g : U ^ C is analytic. Set f{z) = 
g{{z,f)), for all z G C" such that {z,f) G U. Then f{A) = g{{A,C,)). 

Proof. The proof of the inclusion cr((A,C)) C (7(A), C) follows the argument 
of Theorem 4.23. By Runge’s Theorem for functions of a single complex vari- 
able, g can be approximated uniformly on compact subsets of U by polyno- 
mials {p„)n on C. Hence / can be approximated by {p„ ° C}n uniformly on 
sets ( • , Cfj~^K for K C U compact. 

Now take iC to be a compact subset of U whose interior K° contains 
(■y(A),0- Let V be an open subset of such that 7(A) C V and V is 
contained in {■ , K° . Then / can be approximated uniformly on V by 

functions ° C}n with {p„}„ a sequence of polynomials on C. The equality 
/(A) = g{{A, 0) is a consequence of Theorem 4.22 (ii) and Proposition 4.20. 
□ 



In the case that A is a commuting n-tuple of bounded operators acting 
on a Banach space X, it is shown in [75, Corollary 3.4] that for A G M", the 
operator is invertible in £(X) if and only if '^"^i{XjI—Aj)ej 

is an invertible element of £(„)(AT(„)). 

The following result was announced in [68, Lemma 3.2, Corollary 3.17] for 
commuting selfadjoint operators. 

Theorem 4.26. Let A be a commuting n-tuple of bounded operators acting 
on a Banach space X such that cr{Aj) C K for all j = 1, ... , n. 

Then 7(A) is the complement in K" of the set of all A G K" for which the 
operator ~ invertible in £{X). 

Moreover, 7(A) is the Taylor spectrum of A. Lfthe complex valued function 
f is analytic in a neighbourhood of 7(A) in M", then the operator /(A) G 
L{X) coincides with the operator obtained from Taylor’s functional calculus 
[104]. 
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Proof. Let p(„)(A) be the set of all A G K"+^ such that either Aq 0 or 
if Ao = 0, then the operator ~ is invertible in C{X). Set 

Each of the operators Aj has real spectrum, so cr((A,^)) C M [75, Proposi- 
tion 10.1]. Suppose first that n is odd. In this case, the Cauchy kernel G^{A) 
for A can be written down directly. The element 

- A\-"-\u}I - A) (4.20) 

of has the power series expansion (4.9) for |o;| large enough. Here 

/ n ^ m/2 

\ojl - = {u:ll + ^(o.,/ - 

for an even integer m and col — A = ujqI — ~ ^3)^3- 

The operator Wg/ -|- ~ is invertible for each w G p(„)(A) 

because Aj has real spectrum for each j = l,...,n [75, Proposition 10.1]. 
As stated in [75, Example 5.4], it is easily verified that the function uj 1 — > 
1/A7„jw/ — A\~'^~^ujI — A, oj G pi^n){A), is monogenic in £(„)(A(„)). Hence 
7(A) C (j(„)(A) and Gtj(A) is given by the expression (4.20) for all oj G 
P{n) (-^) ■ 

Now suppose that a: G K" \ 7(A). Then oj \ — > G^{A) is norm-continuous 
in a neighbourhood U of a; in M"+^ and it is given by (4.20) for wg yf 0. The 
function 

u;^i:„|a;/-A|”-iG„(A) 
is also continuous in U. For wg yf 0, we have 

Sn\ujl - A|”-^G^(A) = \ujI - Ap^w/- A 

and the equality {ujI — A)~^ = \u)I — A\~'^u3l — A holds in £(„)(A(„)), so 
the £(„)(A(„))-valued function u> \ — > (tol — A)~^ has a continuous extension 
J from G \ M” to U. Continuity ensures that the equalities J (w) {ojI — A) = 
{ujI — A) J(w) = /eg hold for all w G G, so x/ — A is invertible in £(„)(A(„)), 
that is, X G p(„)(A). This completes the proof that 7 (A) = ct(„)(A) for the 
case in which n is odd. 

For n even, we have to define (wg/ -I- ~ Aj)^)“(”+^^/^ in some 

fashion. A convenient way is to use the plane wave decomposition formula 
(4.16) to define Gtj(A). To identify the set 7(A), we use Taylor’s functional 
calculus [104]. 

That ct(„)(A) is the Taylor spectrum of A is proved in [76, Theorem 1]. A 
continuous linear map T : HM{<X[n){A)) G(A) such that T{p) = p{A) for 
all polynomials p : M" ^ C is constructed in [104]. 

The function uj i — > |w— • is analytic from p(„)(A) into //m(o'(„) (A)), 

so on application of the mapping T, it follows that oj i — > T{\uj — ■ is 
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analytic from into C{X). The analytic functional calculus ensures 

that the function 



w I — > l/r„T(|w - • - A 

has the power series expansion (4.9) for |a;| large enough and is monogenic in 
P(„-)(A). Hence 7 (A) C and Gu;(A) is given by formula (4.20) for all 

cu € p(„)(A). The proof that ct(„)(A) C 7 (A) follows the case for n odd. 

Equality of the monogenic functional calculus and Taylor’s functional cal- 
culus T [104] is a consequence of Theorem 4.23. □ 



4.4 Spectral Decomposition 

The Riesz-Dunford functional calculus for a single bounded operator A acting 
on a Banach space X is used to construct the projections associated with 
the components of the spectrum a (A) of A. Given a simple closed contour C 
about cr(A) and a function / analytic in a neighbourhood of the closure of 
the interior of C, the bounded linear operator /(A) is defined by means of 
formula (4.1). The mapping / 1 — > /(A) is a homomorphism from the space 
of germs of functions analytic in a neighbourhood of cr(A) into the space of 
bounded linear operators on X. 

For each connected component aj of cr(A) and simple closed contour Tj 
about (Tj not surrounding any other component of cr(A), the operator 

P,= [ (CJ-A)-idC (4.21) 

is a projection. Whenever Uj is a single point {A}, the operator Pj is the pro- 
jection onto the eigenspace of the operator A corresponding to the eigenvalue 

A. 

In the case that A = (Ai, . . . , A„) is a system of bounded linear operators 
acting on a Banach space X and cr((A,^)) C R for all ^ G K”, we can use 
the monogenic functional calculus to define the projections associated with 
components of the joint spectrum. An important feature is that the operators 
Ai, , An do not necessarily commute with each other. 

In passing from a single operator A to a finite system A of operators, 
formula (4.21) is modified by replacing the resolvent family {XI — A)“^, 
A G C \ cr(A), with the Cauchy kernel G(^(A), co G \ 7 (A), taking 

values in C{X) the elements of which are identified with right-module 

homomorphisms of the Clifford module X The Cauchy kernel Gi^{A) 

for a general noncommutative system A is no longer defined by a simple al- 
gebraic formula. It is represented by means of a plane wave decomposition 
(4.16). 

In the present section, the projections Pj associated with the components 
7 j of the set 7 (A) are constructed by means of the formula 
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Pj= [ G^A)n{uj)d^i{u}), (4.22) 

J dOj 

analogously to the formula (4.21) obtained from the Riesz-Dunford functional 
calculus. The integral on the right-hand side of (4.22) is apparently an ele- 
ment of the Clifford module £{X) (g) F(„), but from Theorem 4.22 (iv), all 
components other than the scalar component PjCo are zero. 

If A has a Weyl functional calculus Wa, it is proved in Theorem 4.8 that 
'){A) = supp Wa and in this case, the projections Pj may be constructed by 
techniques of distribution theory [8]. 

Furthermore, a very general result of E. Albrecht [4, Theorem 4.1] asserts 
that once we have an analytic functional calculus in n variables satisfying 
certain symmetry conditions - such as may be obtained from formula (4.17) 
by extending analytic functions in n real variables to C(„)-valued monogenic 
functions in (n -I- 1) real variables - the operators defined by (4.22) are the 
required spectral projections. The purpose of the present section is to obtain 
a direct proof of this fact using the monogenic functional calculus. 

For the Riesz-Dunford functional calculus, the operator (4.21) is proved 
to be a projection by appealing to the resolvent relation. For a system of 
operators, this argument is unavailable. 

In the case that A is of Paley-Wiener type s and the Weyl functional 
calculus actually exists, the spectral decomposition for the support of the 
Weyl calculus follows from the formula WsA * W(a = W[s+t)A, s,t > 0, 
interpreted in the sense of the convolution of operator valued distributions 
[8]. In Lemma 4.29, we find a substitute for this formula in the case that only 
the monogenic functional calculus exists. 

Theorem 4.27. Let A be an n-tuple of bounded operators acting on a Banach 
space X, with the property that cr((A,^)) C K for all f € K". 

Suppose that k > 1, 71 ,..., 7^, are non-empty, disjoint closed subsets of 
7(A), and = 7(A). For each j = let flj be a bounded open 

neighbourhood of 7j in with smooth boundary dflj and exterior unit 

normal n{uj) defined for all uj G dQj. Let Hj be the surface measure of f2j. 
Further, suppose that the sets L2j,j = 1, . . . , fc are pairwise disjoint. For each 
j = 1, . . . ,k, set 

Pj = / Gai{A)n{ijj) dp,j{ijj). 

J dOj 

Then Pj G P{X) is a bounded operator, the equality Pjf{A) = f(A)Pj 
holds for any analytic function f inn real variables defined in a neighbourhood 
of ^{A) in K”, Pj = Pj, and for each I = 1,. . . ,k such that I yf j, PjPi = 0. 

Moreover, ^j=i Pj = I, and for each j = 1, . . . ,k the operator Pj is neither 
the identity nor the zero operator. 

Before proving the theorem, we note some elementary facts. Let f : U ^ 
F(„) be left monogenic in a neighbourhood [/ of 17 = Ujf2j in Suppose 
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that the function /q. is equal to / in a neighbourhood of Qj, and is identically 
zero in a neighbourhood oi Qi iox dl\ I ^ j , I = 1, . . . ,k. Then Jq. is also left 
monogenic in a neighbourhood of 7(A)- 

Suppose now that / is monogenic in a neighbourhood of 7(A), the function 
/|M" is a complex valued analytic function in n real variables and that fa^, 
defined as above, is left monogenic in a neighbourhood U of fij and zero 
elsewhere. For such a function /, the element f{A) of £(X)(„) defined by 
formula (4.22) is actually an element of C{X) by Theorem 4.22 (iv). 

Let (5 be a positive number and V a neighbourhood of f? such that SV+V C 
U and (1+(5)7(A) C 17. Then for all 0 < |s| < <5 the function x 1 — > (sa;+w) 

is monogenic in V for each oj € V. The formula 

GJsA) = s-"G^/,(A) 

for w € with large norm follows from formula (4.9). It follows that 

7 (sA) = sy(A) and the equality (4.17) holds for all w not in sy(A). Hence, for 
each cij € V, the function x 1 — > {x + uj) is monogenic in the neighbourhood 
sV of the joint monogenic spectrum 7(5^) = 57(A) of the n-tuple sA = 
(sAi, . . . , sAn). Then /q.^sA + w) is defined from the monogenic functional 
calculus for sA by the formula 

fo.{sA + u})= [ Gc;(sA)n(C)/r2,.(C + w) 

Jd(sn) 

= f Gc(sA)n(C)/r2,.(C + w)(iMf^(C) 

J d{sQj) 

= [ Gc{A)n{OfoA< + ^)dHiO (4.23) 

J dQj 



for the surface measure of d{sQ), and the surface measure of d{sfij). 
For each to G with to = . . . , w«), set to = Then 

CO = dj + COoCq. 



Lemma 4.28. For each ^ G K" and s G K, the equality 



G^(A)n(u;)e*(i+®h(“.«>-“oO(;^(^) 



idn 



tan 






is valid. 



Proof. Let f ^ be the function defined by f(w) = {co,^)eo — coof 

for each f G K" and 00 G An application of the Dirac operator D to 

the left and right of the function f verifies that it is monogenic. Furthermore, 
. ]^n+i ^ jg unique monogenic extension from M" to of the 

complex valued function x 1 — > x G M". 
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As elements of the Banach module £(A)(„), the operator (sA,^)eo com- 
mutes with f(w)/ for each uj G so and 

we have the equality 



Jan 



'an 



G^(A)n(w)e*«(“)dAiM ) e' 



o*(s-4,C) 



We can take the operator outside the integral, because the operation 

of left multiplication by elements of F(„) is continuous in the Banach module 

Now apply Proposition 4.25 to obtain 



Jan 

= g*(CA)(l+«) 

Jan 

The monogenic extension (f> of an analytic function <j) in n real variables 
Xi, . . . , a;„ is obtained by replacing the products (xj-^ — Ojj) • • • (xj^—aj^) in the 
power series expansions for (f> about a point a G K" by symmetric products in 
the monogenic functions {zj^ — Uj^), . . . , {zj^ Here Zj{uj) = ojjeo — ojoej, 

UJ G is the monogenic extension to of the projection Wj : K" ^ K 

onto the j’th coordinate, see [19, pi 13]. 

Let £ denote the collection of all functions ^ i — > C € R", with 

q{^) a complex valued polynomial in ^ S R". If (jj is the Fourier transform of 
a function %Ij G £ given by 



(j)iz)= [ e 

for all z G C", then (/)|R" again belongs to £. The monogenic extension <j) : 
R"+i ^ C(„) of (/)|R" is defined on all of R"+^ and is obtained from the 
formula 

^(w)= f weR”+^ 

jR" 

Lemma 4.29. If (jj G £, then 

(/)((! -I- s)A) = / Guj{A)n{uj)(i){sA + uj) dfj,{uj) 

Jan 



for every 0 < s < S. 
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Proof. Suppose that if & £ and (p{x) = tp{x) for all a; G M”. For each t G K, 
we have 







Gc^{A)n{uj)^{tuj) dfi{uj) 



dn 



G„(A)nM 






mdf 



I an 






d/i(w) 

md^ (4.24) 



The interchange of the order of integration follows from the Hahn-Banach 
Theorem and the scalar Fubini’s theorem. 

The element (j){sA + oj) of £(X)(„) is defined by the formula 



4>{sA + uj)= / G(;{A)n{Q(j){sf + uj) dii{f) 

Jan 



'an 



Gc(A)n(C) 



i(sC+i,C)+i(sCo+‘^o)? 



mdf 



= / e 



I dfi{C) 

an 

— i{{sA+ujI,^)+iLJoiI) 



dKO 
mdf 



'mdt 

JB" 

Then Lemmas 4.28 and 4.29 imply that 



<^((l + s)A) = 






I an 



I an 



A+cD 1, 0 -u^oG) 



an 

G^{A)n{uj) 



mdf 

mdf 

d/i(w) 



Guj{A)n{u!)^{sA + to) d^{uj). □ 



Ian 



Lemma 4.30. There exists i5' > 0 such that 



fn^iil + s)A) = j G^{A)n{ijj)fc 2 .{sA + oj)d^jLj{ijj) 
J df2j 



for all 0 < s < S'. 

Proof. We have 

fnj ((1 + s)4l) 




Gu;{A)n{uj)fo^{{l + s)uj) dfij{uj) 
Gu;{A)n{uj)f{{l + s)u;) d^j{u) 
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fa,{sA + co)= [ Gc(A)n(C)/r2,K + o.)dM,(C). (4.25) 

J dQj 

By Proposition 3.6, we can approximate fa. uniformly on f2 by monogenic 
polynomials, and hence, by monogenic extensions of elements of £, so Lemma 
4.29 is valid for (j) replaced by , proving that 



fsi!jii^ + s)A) = [ G^{A)n{u)fsi!^{sA + u;)dfj,j{u) 

Jan 

for all 0 < s < J. 

Suppose that vanishes outside a neighbourhood U of Gj disjoint from 
Ok, k yf j. Now choose 0 < (5' < 5 such that <5'sup^ggj7^ |C| < dist([/, £2 \ Gj). 
Then for all elements u belonging to df2k, with k ^ j, we have fn^ (sA+w) = 0 
for all 0 < s < 5' , by equation 4.25. The integral over dQ is actually an integral 
over dflj. □ 

Proof (of Theorem 4-27). Now 

lim (sA + w) = lim / GQ{A)n{C,)fn^{sC,+UJ)d^Xj{C,) 

s^0+ Jqq. 

= P,f{u) = f{u)P, (4.26) 

uniformly for lo a V . Here we have used the fact, mentioned above, that 
P, G L{X). 

An appeal to Lemma 4.30 shows that 

lim foj{{l + s)A) = fn^ {A)Pj . 

s—^0+ 

Similarly, on replacing ‘left monogenic’ by ‘right monogenic’, we obtain 

fa^{{l + s)A) = fo.{sA + uj)n{uj)G^{A) dfijiuj), (4.27) 

so that lims^o+ M((l + s)A) = Pjfn.{A). 

However, /j 7 ^((l + s)A) is also given by the formula 



fOj{{^ + s)A) = f G^{{1 + s)A)n{uj)f{u;)dfij{uj), 

J dQj 

for all 0 < s < 5, because (1 + 5)^{A) C fl. By continuity, we have 



and so. 



lim fn^ ((1 + s) A) = fo. (A) 

s— »-0+ 



foM)=PjfoM) = foM)Pr 



On taking / to be identically equal to one in a neighbourhood of Qj not 
intersecting fli, for all I = 1, ... ,k such that I j, we have Pj = Pf. For 
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each j = 1, . . . , fc, the operator Pj is a projection for which (/ — Pj)faj (A) = 

The identity / = J2j=i follows from equation (4.19), 

so for each j = 1, . . . , fc, we have Pifo^ (A) = fo. {A)P[ = 0 for alU = 1, . . . , fc 
such that I yf j. Hence, from the equality /(A) = (^)> have 

P,f{A) = f{A)P, = fnM)- 

Finally, we need to show that Pj yf 0 for each j = 1, ... ,k. From Theorem 
4.22 (iii), the equality 




holds for all z G M"^^\ 7 (A). But the argument above shows that the equality 

(G.)s2,(A) = G.(A)P, 

holds. If Pj were zero, then z i — > Gz(A) would be the restriction of a mono- 
genic function with the set jj in its domain, contradicting the definition of 
7(A) as the set of singularities of the function G(.)(A). □ 
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The Joint Spectrum of Matrices 



A number of more or less explicit computations of the joint spectrum of a 
system of matrices can be made. A more detailed understanding of the joint 
spectrum of a system of matrices requires ideas from algebraic geometry. For 
the simplest case of a pair A = (Ai, A 2 ) of hermitian matrices, the numerical 
range of the matrix A\ + iA 2 is the convex hull of certain plain algebraic 
curves which feature in the joint spectrum 7(A) of A. If Ai and A 2 commute, 
then 7(A) may be identified with the finite set of complex eigenvalues of the 
normal matrix Ai + iA 2 , otherwise 7(A) consists of the numerical range of 
Ai + iA 2 minus certain plain regions or lacunas. 



5.1 Nelson’s Formula for Hermitian Matrices 

In the finite dimensional setting, E. Nelson [83, Theorem 9] gave an explicit 
formula for the Weyl calculus. As pointed out in [7, p. 241], this amounts to 
calculating the fundamental solution for a hyperbolic system (1.4) of partial 
differential equations. The purpose of this section is to set out a proof of 
Nelson’s formula. The essential ingredients of the proof follow. 

As is well known from matrix theory, a function of an {N x N) matrix 
M can be expressed as a polynomial in M of degree less than N. The key 
to calculating the Weyl calculus in the finite dimensional setting is to find a 
suitable expression 

= 7o(M) + 7i(M)M + • • • + 7w-i(M)M^-i ( 5 ^^) 

for all N X N hermitian matrices M. This was achieved in the proof of [83, 
Theorem 9] by an ingenious application of recursion relations and induction. 
The proof below is more pedestrian but perhaps easier to understand. The 
Cayley-Hamilton theorem and binomial expansions are invoked to find an 
expression 

(CJ - M)-1 = ao(M, C) + ai(M, QM + • • • + ajv-i(M, 
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for all complex numbers C lying outside the spectrum a{M) of M . By applying 
the formula ^ fc ~ obtained from the Cauchy-Riesz 

calculus for a simple closed curve C about cr{M), the representation (5.1) 
follows. 

According to formula (2.1), the Weyl calculus Wa for an n-tuple A = 
(Ai, . . . , An) of {N X N) hermitian matrices is ( 27 t)“" times the Fourier trans- 
form of the matrix valued function ^ i — > ^ € K", in the sense of distri- 

butions. To calculate Wa, it is then necessary to obtain the Fourier transform 
of the function (5.1) in the case that M = {A,^). The representation 

h i det(a - M) = (fhy. ic., dX„) 

facilitates this calculation. Here / is a function analytic in a neighbourhood 
of the convex hull co(cr(M)) of cr{M), C is a simple closed curve about a{M) 
and V is the unitarily invariant probability measure on the unit sphere S'(C^) 
in C^. Only the case /(C) = is needed in the calculation of Wa, but the 
general formula is proved in Proposition 5.4 below. 

In order to state Nelson’s formula for the Weyl calculus, we need to 
fix some terminology. Let A = (Ai, . . . , A„) be an n-tuple of N x N her- 
mitian matrices. Let v be the unitarily invariant probability measure on 
the unit sphere S'(C^) = {n G : |n| = 1} in . Let Wa ■ u i — > 
((Aiw, u), . . . , {AnU, u)) € K", for all u € S'(C^). Then 

[ dn(n) = [ dix o W^\x). 

Here (x,C) = is the inner product of K”. Let ^a = v o and 

set fiAiO = (27r)“" /jjd d^XA^x) for all / G M”. The measure ^xa is the 
image of the uniform probability measure on the unit sphere S'(C^) in by 
the numerical range map Wa- 

The space of smooth functions on M" is denoted by (^““(K") and the 
smooth functions on K" with compact support, by C“(K") . If T is a matrix 
valued distribution on 5(K"), then the Fourier transform T of T is defined by 
T(/) = T(/) for all / G 5(K"). Similarly, the inverse Fourier transform T of 
T is defined by T{f) = T(/) for all / G 5(K"). For a distribution on C°°(1R"), 
T is used to denote the Fourier transform of the restriction of T to 5(M"). 
As is customary, a function (f> is confounded with the distribution : f i — s- 
fg,n f{x)4>{x) dx it defines. Thus, jxA is the inverse Fourier transform of p-A in 
the sense of distributions. 

For any N x N matrix M, and k = 1, . . . , iV, let (f>k{M) be the sum of the 
principal minors in M of order k and set 4>o{M) = 1. The same expression is 
adopted if M is a matrix differential operator whose entries are complex linear 
combinations of the partial differential operators d/dxi , . . . , djdxn acting on 
the space of distributions (^“(K")'. Of particular interest is the matrix dif- 
ferential operator M = (A, V) defined by (A, V) = Ajdjdxj. Because 
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= id/dxjf{x) for all / G 5(K”), it follows that 

{M{A,0)T{0y= Mi{Ay))T 

for every distribution T G C'°°(K")' whose inverse Fourier transform T is a 
locally integrable function ^ i — > 'T(^) with at most polynomial growth at 
infinity. We write id for the identity map on R". Moreover 

(C-V^T(a)'=-V-zdT, 

where V-zd is the operator on C“ (R”)' defined on the dense subspace (R") 
by (V • idf){x) = 'Ej=i 9j{xjf{x)) for all / G (^“(R”). 

The remainder of the present section is devoted to a proof of the following 
result of E. Nelson [83, Theorem 9]. 

Theorem 5.1. Let A = (^i, . . . , An) be an n-tuple of N x N hermitian ma- 
trices. The Weyl calculus for the n-tuple A is given by 



N-lN-k-l j 
k—O j—0 m—0 



(N — 1 — j -\-m)l 



(A, V) Viv-i-fc-i((A, V))(V • id)"^piA- 



Remark 5.2. (i) The statement of [83, Theorem 9] is essentially concerned 
with the situation in which A is a basis of the real vector space of all x 
hermitian matrices, so that n = N'^. However, general properties of the Weyl 
calculus enable a derivation of the statement above from [83, Theorem 9] for 
other values of n. 

(ii) The operator V should be replaced by —V in equation (16) of [83], 
because —V is the operator corresponding to multiplication of the inverse 
Fourier transform by i\ in equation (24) of [83]. The following example verifies 
this observation. 



Example 5.3. Let n = 3, N = 2 and consider the the Pauli matrices. 



(Ji = 





^3 = 




with cr = (cTi, a 2 , cs), as in Example 4.1. By the theorem above. 



Wo- = Aio- - (V • id)pLa- - (<T, V)^o. + 4>i{{cr, V))^o.. 

Because ^i((cr, V)) = trace((cr, V)) = 0, the matrix Waif) is given for every 
/ G (^“(R^) by the equation 

Wo-(/) = / /" if -\- n ■ V f) dp -\- f {(T,V)fdp 



of Example 4.1. 
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Let M be an -/V X TV matrix. The characteristic polynomial pm of M is de- 
fined by pm{z) = det{M — zl) for all z G C. For each N x N matrix M, let the 
complex numbers oo(M), . . . ,an{M) be the coefficients of the characteristic 
polynomial pm of M. 

Given ( G C, the characteristic polynomial pu-ci of M — is given by 
Pm-ci{z) = det(M — (I — zl) = pm{z + C) for all z G C, so that 

N N h 

Pm-ci{z) = ^a,(M)(z + C)" = E«'^WE 
h=0 h=0 1=0 

By the Cayley-Hamilton theorem, Pm-qi{M — ^I) = 0, so if ( is not an 
eigenvalue of the matrix M, then on multiplying the resulting equation by 
(M — &nd rearranging the sums, we obtain 




/ h\ 

(M - C/)-' = -Tm(C)-' E W E i ) 

A^-1 

=tm(c)"' E^">< 

k^O 

/ N N 






h^l 



i - 1 
k 



^h—k—1 



The equality pm{C)I = {C,I-M) Y.k=o i^^=o ^ «j+fe+i(fo^)C'’) is easily 

verified from the Cayley-Hamilton theorem. 

Now suppose that C is a simple closed curved in C surrounding the set 
a{M) of eigenvalues of the N x N matrix M. Then by the Riesz functional 
calculus. 






1 



27TI 

1 

27ri 



^ Jc 



N-1 / N-k-1 

= ^ E E aj+k+i{M) 

k—0 \ j—0 



'C 



_e^ 

Pm{0 



dC M'' 



(5.2) 



For alH G M so close to one that C surrounds ta{M) too, we have 






pitC 



Ic Pm( 0 dP Jc Pm(0 



- —t 



N-l 



dC 

piC 



■dC. 



dP JcPtMiO 
An appeal to Leibniz’s formula for the differentiation of products yields 

AT-l N-k-1 



JM 



k—O j—Q 
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if ^, 5 ^ 3 ) 

mj (TV - 1 - j + to)! [df^ Jc PtM{z) \ 

To calculate the Fourier transform of (5.3) with M = {A,^), the following 
observation is useful. 




Proposition 5.4. Let v be the unitarily invariant probability measure on the 
unit sphere S'(C^) in . Let M be a normal N x N matrix and let U be a 
simply connected open subset ofC containing the convex hull co{u{M)) of the 
spectrum a {M) of M . 

Let C be a simple closed curve around a{M) contained in U and suppose 
that f : U ^ C is analytic. Then 

! f{OPM{OdC = {-ir{N-l)\ ( f^^-^){{Mu,u))du{u) (5.4) 

zm Jc Js(c^) 

Proof. Suppose first that x G C,x ^ 0 and f{z) = e~^^ for all z G C. 
If Ai,...,Atv are distinct complex numbers and M is the diagonal matrix 
with entries Ai,...,Aat, then f(^{Mu,u)) = exp(— ) for u = 

{ui, . . . , un) G and 



27Ti Jc 2m X (Ai - C) - • \xn ~ C) 

(-l^v 1 f /(C) 

2^* ^ - Xj) Jc (- Xk 

p-x\k 

= f . 



Let An-i = {w G : wj > = 1} be the unit simplex 

in and denote the normalised Lebesgue measure on Z\iv-i by cr. Then, 
as argued in [83, p. 186], cr is the image of the measure v under the map 
u I — > (|miP, . . . , |u„P), u G C^. The measure (jy/^^i cr is the image of the 
Lebesgue measure on the set {0 < ti < • • • < t^-i < 1} by the affine 
bijection wj = tj — tj-i, j = 1,...,N with to = 0 and tpf = 1, so by the 
change of variables formula. 



I f ^ 

= exp{-x YJ XjWj) da{w) 

Jo Jo Jo 
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(- 1)^-1 A 



Combined with the preceding calculation, we obtain 



1 

27rt 



/(C) 

' Tm(C) 



dC 



„N-l 



{N - 1)! Js{c^) 



N 

exp(-a;^Aj|Mj 

i=i 



diy{u) 



(5.6) 



The continuity of both sides in A = (Ai, . . . , Aat) ensures the equality (5.6) for 
all A € with M = diag{Xi , . . . , Xn)- 

Now suppose that q is a polynomial, ^ : K ^ M is a function of the form 
4>{x) = q{x)e~^^ ,x G K, and f(z) = e““^(()(a;) dx for all z G C. Then the 

equality (5.4) is valid for / by Fubini’s theorem and equation (5.6), which is 
also valid with a; G K replaced by ix. 

The set U is simply connected, so by Runge’s theorem [100, Theoreml3.ll], 
an analytic function on U can be approximated uniformly on any com- 
pact subset of U by polynomials, and so also by functions of the form 
z I — > p{z)e~^ 2 ; G C with p a polynomial. Any such function is (the ana- 

lytic continuation of) the Fourier transform of a function of the form (p above. 

Thus, the set of all functions / for which (5.4) is true is dense in the 
space H{U) of functions analytic in the set U, with respect to the topology 
of uniform convergence on compact subsets of U. The right-hand side of (5.4) 
is continuous for the topology of H{U) because U contains the convex hull of 
a{M). It follows that equation (5.4) is true for all / G H{U) and all diagonal 
matrices M. Both sides of (5.4) are unchanged if M is replaced by UMU* for 
a unitary transformation U of C^, so (5.4) is valid for all normal matrices M. 
□ 



Proof (of Theorem 5.1). If we apply the proposition to the function f{z) = 
e^^,z G C and the hermitian matrix M = (A,f) and note, as mentioned 
earlier, that (ia(0 = (2^)~” /§(£«) dv{u), then it follows that for 

every ^ G K", the equality 



A f __(AA2A- 

2^* /c(0T(a,0(^) ^ (^-1)! ^ 



(5.7) 



holds for any simple closed contour C{f) around (t((A,^)). 

The equality [ Jjff(^a;)] = x ■ S/xg{x) is valid for all differentiable func- 

tions g on , so for M = (A,^), equation (5.3) becomes 

= (27r)"(-l)^EA(^/)AfA' A^"'«Wi((A0)x 



A^m—0 






(5.8) 



The coefficients of the characteristic polynomial of an x iV matrix M 
are calculated from the sums of the principal minors by virtue of the equal- 
ity Os(M) = (— l)®(()Ar-s(M), for all s = 0,...,n — 1. If we substitute for 
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as{M), s = 1, . . . , n— 1 in (5.8), and note that Wa is (27r)“” times the Fourier 
transform of the distribution defined by the right-hand side of (5.8), then it 
follows from the discussion at the beginning of this section that the Weyl 
calculus for the n-tuple A is given by 



N-lN-k-l j 



WA = {-irj2 E 



■N-j-l / J 



m 



k=0 j—0 m—0 

{t{A, V)) Viv-i-fc-i(t(A, V))(-V • idr^iA 

N-lN-k-1 j 

fc+m ( J 



{N — 1 — j m)\ 



= E E EM) 

k—O j=0 m—0 



m 



1 



(TV — 1 — j -I- to)! 



(A,V)VAr-,-fe-i((A,V))(V-zd)’”/XA. □ 



Remark 5.5. If A is a n-tuple of matrices for which there exists an n-tuple A' 
of hermitian matrices such that {A,^) and {A',^) have the same character- 
istic polynomial for every ^ G M", then the same formula obviously applies 
with fj.A replaced by fiA' ■ For example, A consists of mutually commuting or 
simultaneously triangularisable matrices with real eigenvalues, see Section 5.4 
below. 



5.2 Exponential Bounds for Matrices 

A system A = {A \, . . . , A„) of {N x TV) matrices of type s in the sense of 
Definition 2.2 has the property that 

cr((A,0)CM, foralUeM”. (5.9) 

Indeed, this follows even for a system A of bounded linear operators acting 
on a Banach space [23, Theorem 4.5, p.l60]. The purpose of this section is to 
prove that condition (5.9) implies the bound (2.3) for a system of matrices. 
A commuting pair A of bounded linear operators acting on £^(N) such that 
condition (5.9) holds but the bound (2.2) fails is given in Example 4.11. 

Although (A, C) may be put into its Jordan normal form for each C G C" 
so that the eigenvalues are real if C G it is not obvious how the imaginary 
parts of the eigenvalues will grow as |AC| ^ oo. A further difficulty is that 
the similarity transformations U{Q which put {T,Q into its Jordan normal 
form J(C) are only holomorphic in an open set in which J(C) has constant 
structure [13, Theorem 3, p. 387]. This difficulty is bypassed by appealing to 
a formula of E. Nelson in the preceding section expressing the exponential 
in terms of powers of (A, C) up to order TV — 1. 

In Theorem 5.10 below it is shown that a system of matrices satisfying 
(5.9) is of Paley- Wiener type (s,r), that is, the bound (2.3) holds. A system 
of simultaneously triangularisable matrices with real spectrum satisfies (5.9), 
so Theorem 5.10 is a generalisation of [88, Theorem 4.5]. 
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In order to prove Theorem 5.10, we use the fact, proved in Theorem 5.7, 
that the imaginary part of the spectrum of At+iB is uniformly bounded for all 
t G K provided that the bounded linear operators A, B have the property that 
every real linear combination of them has real spectrum. This observation may 
be of independent interest. The proof appeals to properties of the monogenic 
functional calculus described in Chapter 4. 

Another proof that the bound (2.3) follows from condition (5.9) may be 
deduced from the theory of the hyperbolic system 

= m(x, 0) = 5o(a^)i’, u G M”, (5.10) 

of partial differential equations. Condition (5.9) is an expression of Garding’s 
hyperbolicity condition [58, pp. 149-151], which is equivalent to the statement 
that the system (5.10) has a suitable fundamental solution. From Holmgren’s 
uniqueness theorem [58, p. 83], we know that the domain of dependence of the 
distributional solution u of (5.10) is a cone with finite diameter in see 

[58, p. 153], from which the bound (2.3) follows. Estimates for the parameters 
C and r in (2.3) are obtained in the course of the proof of Theorem 5.10 below. 



5.2.1 Perturbation 

Suppose that A, B are {N x N) matrices and the spectrum a{A) of A is real. If 
A and B commute, then for each t G M, the spectrum a{At + iB) of the matrix 
At + iB is contained in the set of complex numbers Xt + i/j, with A G <r{A) and 
G cr{B) . It follows that sup^gjj |9((T(At + iB))\ < oo. However, if A and B 
do not commute, this bound can fail. 

By finite dimensional perturbation theory [65, Theorem II. 5.1], the un- 
ordered set of eigenvalues of At + iB is a continuous function of t, so for any 
T > 0, the set 

[J ^(a{At + iB)) 

\t\<T 

is a compact subset of M. On the other hand, because a{A) is real, A((j(A -|- 
iBjt)) {0} as |t| ^ oo, so that Q{a{At + iB)) = {o(|t|)} as |t| ^ oo. The 
following example shows that if > 2, the set ^{a{At + iB)) may not be 
bounded as |t| ^ oo. 

Example 5. 6. Let A= ^ q | ^ ^ ~ ^ | i ^ 

a{At + iB) = {t + i± e'‘'^^'^Vt} 

for alH > 0. On the other hand, if ^ ^ 1 ’ then a{At + iB') = {f ± z}. 
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The matrices A and B' above are both upper triangular and each real 
linear combination of them has real spectrum. By contrast, the matrices A 
and B each have real spectrum but a(A — B) = {±z}. Moreover, 

_l_ sinh(t) 

so the bound (2.3) certainly fails. 

We only need the following result for matrices in the proof of Theorem 5.10, 
but the proof below is valid for bounded linear operators acting on a Banach 
space. 

Theorem 5.7. Let A,B be hounded linear operators acting on the Banach 
space X with the property that (j{A^i + B^ 2 ) C K for all ^ S Then there 
exist q,r > 0 such that 

a{At + iB) C [—q, q]t + i[—r,r], foralltGR. (5.11) 

Moreover, q,r are hounded by (1 + -\/2)(||yl|p + ||B|p)^/^. 

Once we have the notion of the monogenic functional calculus considered 
in Chapter 4, the proof of the following lemma is straightforward. 

Lemma 5.8. Let A, B be hounded linear operators acting on the Banach space 
X with the property that (j{Afi + i?^ 2 ) C M for all f G Let "i{A, B) he the 
monogenic spectrum of the pair {A, B). 

For every A G C and t G K, set 

f\,t{^) = (^ - xA - 

for all X = (xi, X2) G such that x\t + ix 2 A. 

Then for every t G M, the complement Rt{A,B) of the set {xit + ix 2 ■ 
(xi,X 2 ) G ^{A,B)} is contained in the resolvent set of the operator At + iB 
and the equality 

hAAB) = {XI -At-iB)-\ \&Rt{A,B), (5.12) 




is valid. 

Proof. For each j = 1,2, the unique left and right monogenic extension of the 
coordinate function x 1 — > Xj, x G is to 1 — > — woSj, w = (wq, wi, W 2 ) G 

Let f\^t be the C( 2 )-valued function given by 

/A.t(w) = (Aeo - (wieo - woei)t - z(w2eo - ^062))“^ 

_ (A — uit + zw2)eo — wotei + 1^062 

I A — ujit — iw2p + Wo(f2 + 1) 
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for all w G for which the denominator is nonzero. 

The restriction of /a,* to is equal to f\^t, that is, on putting ojq = 0. The 
function f\^t takes its values in the linear subspace spanned by cq, ei, 62 in C(2) 
and is left and right monogenic. Then for every complex number A G Rt{A, B), 
the operator f\^t{A,B) is defined by formula (4.17) for a suitable choice of 
the open set 17. 

The Neumann series expansion 

00 

+>«)'■ 

k^O 

of {XI — At — iB)~^ converges for |A| large enough. Moreover, the sums 

00 ^ 

k^O ^ 

1 

^ ((‘^iSo ~ woei)t + *(<^260 — 0^062))^ 

k=o ^ 

converge uniformly as x € and w G range over compact sets and A is 
outside a sufficiently large ball. Set 

Tfc,i(a;) = (xit + ix2)'', x G 

Tfc.t(w) = ((wico - woei)t + z(w2eo - ^062))'', w G 
for each A: = 0, 1, 2 . . . . 

Now B) = B), by definition, for all A G Rt{A, B). According 

to Theorem 4.22 (ii), the equality 

PkM. B) = PkAA, B) = {At + iBf 

holds for all k = 0,1,2 ..., so by the continuity of the monogenic functional 
calculus / I — > f{A,B) (Proposition 4.20), we have 

00 - 

/a.*(A, B) = J2j^{At + iBf = {XI -At- iB)-\ 
k=0 ^ 

that is, 

{XI -At- iB)h,t{A, B) = hAA, B){XI -At- iB) = J, (5.13) 

for all A G C with |A| sufficiently large. 

Now f\t{A,B) is defined by formula (4.17) for all A G Rt{A,B) and 
by differentiation under the integral (4.17), we see that A 1 — > f\AA,B), 
X G Rt{A,B), is a complex-analytic £(A)-valued function. It follows that 
equation (5.13) holds for all A G Rt{A,B), so that the resolvent set of the 
operator At + iB contains the Rt{A, B) and the equality (5.12) holds. □ 
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Proof (Proof of Theorem 5.7). Put 

q = sup{|xi| : {xi,X 2 ) G 7 (A,B)}, 
r = sup{|a; 2 | : (a:i,X 2 ) G "f{A,B)}. 

Then for every t G K, the complement of the rectangle [—q,q]t + z[— r, r] is 
contained in the set Rt{A,B) defined in Lemma 5.8. The inclusion (5.11) 
follows from Lemma 5.8. 

The bound for q^r follows from the expansion (4.9) for G^{A,B), which 
converges for |w| > (1 + •\/2)(||2l|p + |jB|p)^/^ by Lemma 4.7. □ 

Remark 5.9. For bounded selfadjoint operators A, B acting on a Hilbert space, 
the spectrum a{At + iB) is contained in the numerical range of At + iB, so 
the result follows immediately. 



5.2.2 The Exponential Bound 



This section is devoted to proving the following result in which an algebraic 
condition implies a matrix-norm bound on exponentials. Let > 2 be an 
integer. 

Theorem 5.10. Let A = {Ai, . . . ,H„) be an n-tuple of N x N matrices sat- 
isfying the spectral condition (5.9). 

Then there exist numbers C > 0 and r > 0 such that 

||g*(yl.C> II < c{l + for all ( G C”. 

Proof. We first observe that for all C G C” satisfying |3?CI < the bound 

1 /2 

for R = (X)J=i > so need only consider the case |3?C| > 1. 

On setting M = {A, () with ^ G C” in equation (5.3), we have 



N-l N-k-l 



dAi) 



V j=0 



C P{A,C){z) 



dz (A,C)^ (5.14) 



Here C is any simple closed contour with the finite set <j{{A, ()) in its interior. 

Let S'(C") = {C G C" : |<C| = 1} and u,v > 0. It follows from [65, Theorem 
4.14] and the compactness of S'(C") in C" that 



U{ CT((A,3?C)u + t(A,9C)i’) :Cg5'(C”)} (5.15) 



is a compact subset of C. 

According to Theorem 5.7, there exists r > 0 such that for every £,,r] G K" 
with ^ -I- z ?7 G S'(C”) and t > 0, the spectrum a {{A,^)t i{A,r])) of the 
matrix {A, -|- i(A, rf) is contained in t[— r, r] -I- i[—r, rj. The number 
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r = sup{|x| : X € 7((-4,0. (^.’7)), ? + *??€ <S'(C”) } (5.16) 

is bounded by (1 + 

If tt,w > 0, then setting t = u/v, we find that the spectrum of {A,^)u + 
i{A,rj)v is contained in u[—r,r] + iv[—r,r\. Hence, for every m, u > 0, the set 
(5.15) is contained in the rectangle u[—r,r] + iv[—r,r]. 

Fix ?7 e R” with ^ + ir] G 5(C”) and set A = {A, and B = {A, rf). Let 
r' > r and let C[u, u] be the positively oriented closed contour bounding the 
rectangle 

u[—r', r'] + i(l + v)[—r', r']. 

Then for every u,v > 0, the contour C[u, u] contains the spectrum a{Au+iBv) 
in its interior and it is bounded away from the x-axis as w ^ 0+. 
Furthermore, the bound 






lc[u,v] PAu+iBv{z) 

< e’-'e""'((/u)2 + (r'(l + v)f)y/^ j 

< e^'e"'^\r'y (l + J 



\dz\ 



C[u,v] \PAu+iBv{z)\ 

\dz\ 

C[u,v] \PAu+iBv{z)\ 



(5.17) 



holds. Arclength measure is denoted by \dz\. All the roots of the polynomial 
PAu+iBv are contained in the rectangle u[—r,r] + iv[—r,r]. 

For all t > 0 and 0 < w < 1, the function x i — > PAt+iBw{—x + ir') is a 
polynomial of degree N > 2 whose modulus is bounded below by (r' — wr)^ , 
so for all u > 0 and u > 0, the upper part of the integral (5.17) about C[u, u] 
is bounded by 



dx 



< 



dx 



\PAu-\-iBv(^ ^ A t(l “t“ J-OO \PAu-\-iBv(^ ^ A t(l “t“ u)r ) 

1 r°° dx 



(l + u)^-i J_^ jpAu'+iBv'(-x + ir')j’ 

where u' = u/(l + v), v' = v/(l + v), 
dx 

< sup / —7. 

t>0,0<w<l J — oo \PAt-eiBw\ X tv )| 



To see that the supremum is finite, for each t > 0 and 0 < w < 1, let r{t, w) 
be the unordered iV-tuple of eigenvalues of the {N x N) matrix At + iBw, 
counting the possible multiplicity of eigenvalues. Then |3?A| < rt and |AA| < r 
for each element A G r{t,w). 

Because \pAt+iBw{z) \ = riAer(t w) ~ ^l> Holder’s inequality implies that 

dr ^ TJ f dx 

\PAt+iBw{-x + iB)\ ~ V-oo I -a; + ir'- A|^ 





5.2 Exponential Bounds for Matrices 



79 



n 



dx 



l/N 



< 



l-ao + ij"' ~ 9A)2)^/2^ 
dx 



' _ao {x"^ + {r' - rY)^/'^ (^r' - r)^~^r(Y) 



For all f > 0, the function y i — > pA+iBtY' + it/), j/ € M, is a polynomial 
of degree N whose modulus is bounded below by (r' — r)^ , so an argument 
similar to that above shows that for all tt > 1, the right hand part of the 
integral (5.17) is bounded by 



fr'(l+v) 



dy 



< 



dy 



Lr'{i+v) \pAu+iBv(ur' + iy)\ \pAu+iBv(ur' + iy)\ 

f°° dy 

< sup ' ^ 



t>oJ-oo \PA+iBt{r' + iy)\' 

Let r be given by the supremum (5.16). For each r' > r, let Nr>{^ + iy) be 
the maximum of the numbers 



J — oo \pAt+iBwi±{-x + ir'))\ ’ J — oo \pA+iBt{±{x' + It/)) I 

For ( G with |3?CI > 1> let = C/ICI- Then is bounded by 



dx 



sup 



dy 



N-l 



N-k-l 



< 



^ K-+,+i((A,c'))i / 

^ fc=0 dc 

NrYC)e^' 



c P{A, 



dz 



ICI 



iV-j-1 



2tt 



Ek^-o 



fc=0 

N-k-l 



X E K+.+i((A,C'))l(r')^(l + ICI)^IICI 



N-j-l 



J=0 






The constant Cr' is the supremum of 



Nr'iQe'- 

27T 



'tv-1 N-k-l 

EKAOI'^ E \ank+i{{A,CMry 

k—0 j=0 



for C' G S'(C”). □ 

The best estimate for general r is given in Theorem 2.7. 

Corollary 5.11. Let A = , AY) he an n-tuple of N x N matrices 

satisfying the spectral condition (5.9). 
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Then A is of type (s, r) with 0 < s < N — 1 and 0 < r < II 

The support of Wa is contained in the rectangle 



[-Pi||,Pi||]x...x[-||A„||,||A„||] 



Let Ta G 5'(K") be the Fourier transform of the uniformly bounded func- 



tion 



i^{N-iy. r 

(27t)"+i Jc{^) 



dz, f G 



(5.18) 



For any G R", the simple closed contour C(^) contains a{{A,f)) in its 
interior. Then the Weyl calculus for the n-tuple A is given by 



N-lN-k-l j 
k—O j—0 m—0 



(N — 1 — j + to) ! 



{A, V) Vjv-,-fc-i((A, V))(V • idrTA. 



(5.19) 



Proof. According to Theorem 5.10, the n-tuple A is of type (iV — 1,/) for 

F > (l + ^/2)(E;=lP,f)'^^ so Theorem 2.7 gives the stated bounds. 
Formula (5.19) for Wa follows from equation (5.3) by taking the Fourier 
transform in the sense of distributions. □ 



If A is an n-tuple of hermitian matrices, then according to equation (5.7) 
we have Ta = pa- Another example for which the distribution Ta can be 
calculated explicitly is for an n-tuple A of simultaneously triangularisable 
matrices with real eigenvalues, for then Ta = T^ = for an n-tuple A of 
diagonal matrices with real entries. We shall look at this example more closely 
in Section 5.4 below. 



5.3 The Joint Spectrum of Pairs of Hermitian Matrices 

For a pair A = (Ai, A 2 ) of hermitian matrices, it is possible to determine the 
joint spectrum 7(A) by computing the plane wave decomposition (4.16) for 
the Cauchy kernel u! 1 — > Gi^{A) and determining its set 7(A) of singularities. 
The plane wave formula (4.16) can be converted to a contour integral in the 
complex plane and evaluated by residues. The calculation is facilitated by 
a perturbation result of Rellich [65, Theorem II. 6.1] applicable to hermitian 
matrices. On the other hand, Example 5.31 in Section 5.4 shows that the main 
result of this section, Theorem 5.24, may fail for two (2 x 2) upper triangular 
matrices with real eigenvalues. 
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5.3.1 The Numerical Range of Matrices 

Let A = (^1 , A2) be a pair of (N x N) hermitian matrices. Set ^ = . 4 i + M2. 
An application of the Paley-Wiener Theorem yields that the convex hull of the 
support suppCLVa) of the associated Weyl distribution Wa coincides with the 
numerical range K{A) = {(Aa:,x) | x G C^, \x\ = 1 } of the matrix A. For 
more precise information on the location of supp(Wa) within the numerical 
range of A, we need to have a closer look at the fine structure of K{A). 

Of particular interest are certain plane algebraic curves associated with A 
that were first investigated by R. Kippenhahn in 1952 . We briefly recall the 
concepts involved. 

Let F = K or C. For 0 < /c < 3 , the Grassmannian defined as the 

set of all fc-dimensional F-subspaces of F^, is a compact analytic F-manifold 
of dimension A :(3 — k). It has a natural topology, induced by the differential 
structure of the manifold, which is determined, for example, by the metric h 
on Gs^feF with 

h{U, V) = sup inf ||u — u|| for all U,V G Ga^fcF . 

vGV, = 1 uGU, | u | = 1 



The projective plane PG(F^) over F is given by 
PG(F 3 ) = (J Gs.feF. 

0 <fc <3 

The one and two dimensional subspaces of F^ are usually called the points 
and lines in PG(F^), respectively. 

By common abuse of notation we introduce homogeneous coordinates for 
the points in PG(F^) as (mi : U2 ■ U3) = F(ui, U2, ua). The coordinates of a 
vector in F^ are expressed with respect to the standard basis for F^. 

A polarity of PG(F^) is a bijection on PG(F^) which reverses the inclu- 
sion of subspaces and the square of which equals the identity mapping. The 
standard polarity it is characterised by 

3 

= {u G F^ I ^ UjVj = 0} for all u G G34F , 

which gives u'^ G G3^2lF'- Using the polarity tt, we can also introduce homoge- 
neous coordinates for the lines in PG(F^) by setting [ui : V2 ■ U3] = (wi : V2 ■ 
^3)’"- 

A nonempty subset C of G34F is called a plane ¥-algebraic curve if it is 
the zero locus of a homogeneous 3 - variate polynomial over F. The defining 
polynomial of C is not uniquely determined: if / defines the curve, then so 
does, for example, for any fc > 1 . However, every curve C has a defining 
polynomial of minimal degree which is unique up to a constant factor. A curve 
is said to be irreducible if it has an irreducible defining polynomial. Since a 
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polynomial ring over a field is a unique factorisation domain, each algebraic 
curve C is the union of finitely many irreducible curves. If Ci, . . . ,Ck are the 
irreducible components of C with irreducible defining polynomials fi, . . . , fk, 
then / = /i • • • /fc is a defining polynomial of C of minimal degree. We call 
/ a minimal polynomial of C. Note that an irreducible real algebraic curve is 
not necessarily connected. 

Let / be a minimal polynomial of the algebraic curve 



C={ueGs,i¥ I f{u)=0}. 



A point M G C is called singular or a singularity of C if {df/duj){u) = 0 
for j = 1,2,3. Observe that C has at most finitely many singular points. 
These are the singular points of the irreducible components of C together 
with the points of intersection of any two of these components. A nonsingular 
point u G C is called a simple point of C. The curve C is the topological 
closure of its simple points. Also, to every simple point u G C, there exists a 
neighbourhood of u in which C admits a smooth parametrization. 

Let C be an irreducible plane algebraic curve with minimal polynomial /. 
At each simple point u G C, we have a unique tangent line to C which is given 
by 






If C is not a projective line or a point, then it is well-known that the set 
{{'Tucy I u G C simple} is contained in a unique irreducible algebraic 
curve C*, the so-called dual curve of C. In fact, since an algebraic curve has 
at most finitely many singularities, the dual curve is the topological closure 
of the set \ u G C simple}. We have C** = C. If C is a projective 

line, then {^{TuCy \ u G C} consists of a single point u in PG(F^). In this 
case, we set C* = {w} and define C** to be the image under tt of the set of all 
lines in PG(F^) which pass through u. This again yields C** = C. The dual 
curve of a general plane algebraic curve C is the union of the dual curves of 
its irreducible components. In particular, C and C* have the same number of 
irreducible components. 

In general, it is difficult to derive an explicit equation for the dual curve 
C* from the given equation of a curve C . However, from the above we obtain 
the following criterion for a point in PG(F^) to belong to C* . 



Lemma 5.12. Let (a;i : a ;2 : 1) G GapF. If there exists a smooth local 
parametrization f i — > (c(C) : s(C) : of C, for f in an open set 

[/ C F, and a point z G U such that X\c{z) + X 2 s{z) + /i(z) = 0 and 
x\d{z) + X 2 s'(z) + y{z) = 0, then the point {x\ \ X 2 '■ f) belongs to C* . 



Proof. The two points (c(z) : s(z) : fJ,{z)) and (c'(z) : s'(z) : fJ.'(z)) span 
the tangent line 7(c(z)-.s(z)-./j.(z))G to C at (c(z) : s(z) : pl{z)). The equations 
Xic{z) + X 2 s{z) + fi{z) = 0 and x\c' (z) + X 2 s'{z) + p.' {z) = 0 imply that 
{x\ : X 2 ■ f) = iyc{z):s{z):fj.{z))Gy ■ Hence {x\ : X 2 : 1) belongs to the dual 
curve C* of G. □ 
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The details and further information on complex algebraic curves can be 
found, for example, in [102]. The literature for the real case is somewhat less 
easy to access. As a general reference to the theory of real algebraic geometry, 
see [18]. 

Let A = Ai + iA2 G C(C^). Following R. Kippenhahn [67], we define the 
complex algebraic curve Cc{A) in the complex projective plane PG(C^) by 
setting its dual curve to be 

D{A) = {{c : d : ^) G GapC | det(cAi + dA2 + fxl) = O}. 

In [67], Kippenhahn showed that the real part Gr(A) of the curve Cc{A) = 
D{A)* is contained in the affine subplane F = {(oi : «2 : 1) | («!, 0:2) G 
of PG(K^) and, identifying F with in the canonical way, that the convex 
hull co(Gr(A)) of Cr(A) is precisely the numerical range of A. 

The curve Gr(A) considered as a real algebraic curve in PG(K^) is the 
dual curve of the real part of D{A) given by 

71r(A) = |(c : d ! /i) G G 3 pM | det(cAi + dA 2 -t- /r/) = 0|. 

Every point u G Dr{A) has a representation (cos 6* : sin 6* : /r) for some 
0 G [0,7t) and /x G K. As u is a zero of det(cAi + dA 2 + fil), it follows that 
— ^ is an eigenvalue of the operator A{9) = cosd Ai + sind A 2 . 

Note that the points in Ur (A) are in one-to-one correspondence with the 
lines Ly^t in defined in (5.27) below, satisfying (x,t) G a((A,t}) for all 
X G Ly^f For u = {cos6 : sin9 : fi) G F>r(A), take t = (cos 0, sin 0) G T and 
y G such that (y, t) = — /i. Then is the two dimensional subspace 

|J{(a:i :X2'.1) \ {xi,X2) G Ly^t] 

of that is, Ly^t x {1} is the line in which the plane normal to u in 
cuts the plane {x^ = 1}. 

With the following result due to F. Rellich [92, Satz 1]), [65, Theorem 6.1, 
p.l20], we obtain local parametrizations of the curve Ur(A). 

Let S{C^) = {a; G \ |x| = l} be the unit sphere in C^. 

Lemma 5.13. Let the map A : K — > £(C^) be given by A{9) = cosdAi -|- 
sindA 2 for 6* G K. Let do G K and /xq be an eigenvalue with multiplicity r 
of the operator A{9q). Then there exists a neighborhood U of 9q and regular 
analytic functions /Xj : U — > M and Xj : U — > S'(C^) with 1 < j < r, such 
that /ij(do) = yo, A{9)xj{9) = y,j{9)xj{9) and {xj{9),Xk{9)) = Sjk for every 
9 G U and 1 < j, fc < r. 

Given a point uq = (cos do : sin do : —yo) G Ur(A), any of the maps 
d I — > (cosd : sind : —y{9)) with d in the neighbourhood U of 9 q as given by 
Lemma 5.13, is then a smooth local parametrization of a component of Ur(A) 
in a neighbourhood of xxq. With Lemma 5.12, this yields immediately a com- 
plete characterisation of the curve Gr(A). 
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Lemma 5.14. A point (xi : X 2 : 1) G G 34 F belongs to the curve Gr(A) if 
and only if there exists a point uq = (cos 6*0 : sin^o : ~Mo) G -Dr(A), and a 
local parametrization 9 1 — > {cos 9 : sin0 : —ii{9)) of a component of Ds.{A) 
in a neighbourhood U of uq such that xicos^o + X 2 sin 0 o — m(^o) = 0 and 
—xi sin 9q + X 2 cos 9q — p,'{9o) = 0. Then 

(xi,X 2 ) = p,(9o){cos9o,sin9o) + fJ.'{9o){-sin9o,cos9o)- (5.20) 

The line Ly^t associated with Uq, as described above, is therefore tangential 
to the image of Gr(gI) in at {xi , X 2 ) except in the case that fj,{9) = oi cos 9+ 
02 sin 6 * in a neighbourhood U of 6 * 0 . Then the set {(cos 6 * : sin 6 * \ pi{9)Y \ 9 G 
[/} corresponds to a family of lines passing through the point (xi,X 2 ) = 
( 01 , 02 ). 

Lemma 5.15. With the exception of a finite set of points in Gr(^), if (a;i : 
X 2 : 1) G G 34 F belongs to Gr(^), and uq = (cos0q : sin^o : /to) is one of 
the corresponding points in Ur(GI) and 9 1 — > (cos 6 * : sin 6 * : —ij,{9)), 9 G U, is 
one of the corresponding local parametrizations of a component of Dr (A) in 
a neighbourhood of uq as given by Lemma 5.14, then the equation 

{xi — tsindo) cos9 + {x 2 + tcos9Q)sm9 — p.{9) = 0 (5.21) 

has two real solutions 9 G U for either small positive t or small negative t and 
none in U for t of the opposite sign. 

Proof. By Lemma 5.14, the image of the curve Gr(A) in has the local 
parametrization {xi{9),X2{9)) = ^( 6 *) (cos 0 , sin 0 ) + ^'( 0 )(— sin 0 , cos 0 ) with 
9 G U. Hence, its signed curvature at {x\,X 2 ) is given by \fi{(j)o) + 

(see, for example, [16, formula (3.9)]). So if fj,{(j)o) + p" {(po) 7 ^ 0, then the image 
of Gr(H) in is a smooth curve with nonzero curvature in a neighbourhood 
of {xi, X 2 ). Hence, there are two tangents with points of tangency in U on one 
side of the curve and none on the other for jtj > 0 small enough. The solutions 
9 G U of equation (5.21) correspond to the directions of the normals to the 
tangents. 

The points of Gr(H) that we have to exclude correspond to the ones at 
which the image of Gr(H) in R^ has infinite curvature. Unless p + p” vanishes 
identically, there exist at most finitely many solutions 9 of p{9) + p”{9) = 0 
in any compact interval. If {x\ : X 2 : 1) G Gr(H) is a point for which the 
analytic function p + p" vanishes in a neighbourhood U of 9q in C, there 
exists ( 01 , 02 ) G R^ such that p{9) = aicosd + o 2 sin 0 for all 9 G U. However, 
inspection of equation (5.20) shows that then x = (xi, X 2 ) = (oi, 02 ) is a point 
of Gr(H) through which the family of lines t G T, passes. In particular, 
X belongs to the finite set cr{Ai) x cr{A 2 ). □ 



Local Coordinates. As mentioned earlier, our aim is to evaluate the plane 
wave formula (4.16) by the method of residues, so we need to analytically 
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continue the functions 3? and 9 off the unit circle T. To this end, define the 
holomorphic function s:C\{0}^C^ by 

s(^) = + ’ for2eC\{0}. (5.22) 

then s(z) = 92;) for every z € T. From now on, we drop the subscript K 

from the Kippenhahn curves Cr(^) and denote them by C{A). Furthermore, 
we identify {y\ : j /2 : 1) G <^18(21) with y = (t/i,t/ 2 ) G so that C{A) is a 
subset of K^. 

Let y e and suppose that C G C\{0} is a point at which 

det((yJ- A,s(C))) = 0. (5.23) 

Suppose that ^ G T. Then s(() G T and the matrix (A, s(()} is hermi- 
tian. By a result of Rellich [65, Theorem II. 6.1], there exists a neighbour- 
hood of C in C \ {0}, a positive integer m < N, analytic £(C”)-valued 
projections P\{z) , . . . , Pm{z) with ^ analytic functions 

yi{z) , . . . , fjLm{z) defined for z & Vq such that for each j = l,...,m, the 
equation 

Aet{y^{z)I - {A, s{z))) = 0, zGV(;, 
holds, (y, s(0) - yi(C) = 0 and 



(A,s(z)) = '^y,j{z)Pj{z), zGVq. 
i=i 

Here Pj{z) is the projection onto an eigenspace for the eigenvalue y.j{z) 
of (A,s(z)). 

Set ^j,y{z) = {y, s{z)) — y,j{z) for j = 1, . . . , m and z G Vq. Then 

m 

(y/-A,s(z)) = ^Aj.y(z)Pj(z), z&Vq. (5.24) 

i=i 

It turns out that the functions y,j and projections Pj, j = 1, . . . , m, can be 
analytically continued along any arc that avoids a certain finite exceptional 
set of points [13, Theorem 3.3.12] . Therefore, formula (5.24) may also be valid 
in a neighbourhood of points ^ G C \ {0} not on the unit circle T. 

It can happen that two of the eigenvalues Xj.y{z) and Xe^y{z) of (yl — 
A, s{z)) are equal at a particular complex number z. In particular, there 
may exist an integer 1 < k < m such that Xj.y(C) = 0 for J = 1) • ■ • i k. 
According to the interpretation preceding Definition 5.19 and the definition 
of C{A), if C e T, then there exist k coincident tangent lines from y to C{A) 
with normal C- 

Lemma 5.16. Let x G let G C \ {0} be a complex number and an 
open neighbourhood of ( in C for which (5.24) is an analytic parametrization 
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in Vt^ with Ai.a;(C) = 0 and A 2 a,(C) ^ 0. Then there exists a unique C°°- 
function 4> : Ux ^ C defined in a neighbourhood Ux of ( 0 , x) in such that 
(t){0,x) = C and = i^ for all (f,y) G Ux- 

Moreover, for y fixed, the function f i — > y), (^, y) G Ux is one-to-one 

and X'l y{(p{fi,yy) 0 for all {f,y) G Ux- Iff G T, then 4>(0,y) G T for all 
(0) y) & Ux- 

Proof- Let C/ C K"* be the set [/ = x and let <P : U ^ be defined by 

<P{z,y) = {Xi^y{z),y)= {{y,s{z)) - y-i{z),y) 

for all {z,y) G U- Here we identify C with on the right hand side of the 
equation. The derivative <P'{(,x) of the function on the open subset U of 
as a function of four real variables, is nonsingular at (^, x) G U because 

det(<?'(C,a;)) = |ALJC)|'t^0. 

By the inverse function theorem, there exists an open neighbourhood W 
of (0, x) in R"*, an open neighbourhood U' of (C, x) in and a diffeomorphism 
f ■- W ^ U' such that ^ o f{a,y) = (a,y) for all (a,y) G W- In particular, 
<P' is nonsingular on U'- 

Then 4>{f,y) G C is defined on the set Ux of all (^,j/i,i/ 2 ) G such that 
(0, 5, j/i, 7 / 2 ) G W, by the formula 

/(o,C.yi> 2 / 2 )) = {(fif,y),y), 

so that Xi^y{(j){f,y)) = if- Because / is a diffeomorphism, the function 
(C)2/) ' — 4’i^jy) is on Ux- Furthermore, {(p{f,y),y) G U' , so 

= det(^>'(^(^,y),j/)) yf 0 

for all (f,y) G Ux- 

Now suppose that C G T. There exists an open neighbourhood of f 
in T on which Ai^,^ is defined. Let iF : x R^ ^ R^ be defined by 

T{s,y) = {Xi^y{t),y) = {{y,t) - yi{t),y) 

for all (t, y) € X R^. Then x) = (0, x) and the derivative 

'F'(C,a;) :%,)(TxR2) ^ R^ 

of T at (C,x) G T X R^ is nonsingular. Here x R^) is the tangent 

space of T X R^ at (C>®)- As above, there exists a diffeomorphism g from 
an open neighbourhood of (0,a:) in R^ onto an open neighbourhood of (t,x) 
is T X R^ such that Tog = Id- Because T = ^ | x R^, we must have 
g{a,y) = f{a,0,y)- Hence 

ifi{0,y),y) = /(0,0,y) G T x R^, 



proving that (j){0, y) G T. □ 
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If ^ X ^ is defined by ^{z, rj) = VjSj{z) — rj^ for 

all z G Vt^ and 77 S C^, then a similar argument to that above, but replacing <P 
by (p and appealing to the inverse function theorem for analytic functions of 
several variables, shows that </> is actually the restriction to Ux of a function 
analytic in an open subset of C^. 

According to a rephrasing of Lemma 5.14 in terms of our local coordinates, 
the Kippenhahn curves C{A) for a matrix A are characterised locally by the 
following proposition. 

Proposition 5.17. The Kippenhahn curves C(A) consist of all points y € 
for which there exists a point f belonging to the unit circle T and a neighbour- 
hood Vq of f in C such that there exists an analytic parametrization (5.24) 
on Vq for which 

Ai.y(C) = A;,^(C) = 0 . (5.25) 

Of course, in any such parametrization (5.24), we are at liberty to choose 
the indices j = 1, . . . , m for the analytic functions Xj^y : ^ C. In particular, 

for any y G C(A), we can choose a neighbourhood of C in C and indices 
for which (5.25) holds for j = 1. 

Corollary 5.18. Let x G \ C(A), let ( G C \ {0} be a complex number 
and Vq a neighbourhood of f in C for which (5.24) is 0 , parametrization with 
Ai,a;(C) = 0- Then there exists a unique C°° -function (j> : Ux ^ C defined 
in a neighbourhood Ux of ( 0 , x) in such that such that <()( 0 , x) = ( and 
Any(<)<(?,y)) = if for all (f,y) G Ux. 

Moreover, for y fixed, the function f 1 — > 4>{f, y), (^, y) G Ux is one-to-one 
and X( y{(j){f,y)) yf 0 for all (f,y) G Ux. If f G T, then z{0,y) G T for all 
(Oj y) & Ux. 

Proof. By Proposition 5.17, A'^ ^.(C) yf 0, so Lemma 5.16 is applicable. □ 

We informally state alternative characterisations of the Kippenhahn curves 
C{A): 

• The real part of the curve D{A)* dual to 

D{A) = {(c : d : 77 ) G G 34 C I det(cAi + dA 2 + 7 i/) = 0 }, 

identifying ( 01 , 02 ) G with (oi : 02 : 1) G G^pC. 

• The real algebraic curve dual to 

ZJr(A) = |(c : d : /i) G | det(cAi + dA 2 + yl) = 0|, 

identifying ( 01 , 02 ) G with (oi : 02 : 1) G G 34 R. 

• All points y G for which there exists C G T and a neighbourhood 
of C in C such that there exists an analytic parametrization (5.24) on 
for which Ai^y(C) = A'l ^(C) = 0 [Proposition 5.17]. 
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• The envelope of all lines Ly^s given by (5.27) for each y G and s G T 
such that 

(y,s) G cr((A,s)). 

• The singular values of the numerical range map Wa associated with the 
matrix A\ + iA 2 (see [38] and [63]), with the possible exception of “double 
tangents” [63, Theorem 3.5]. 

5.3.2 Examples 

The Weyl functional calculus Wa for a pair A = (Ai,A 2 ) of (2 x 2) hermitian 
matrices can be calculated explicitly. The support jiA) of Wa is either the 
numerical range K{Ai + 1^2) of the matrix Ai + iA 2 , an elliptical plane 
region with nonempty interior in the case that Ai , A 2 do not commute with 
each other, or 7(A) consists of a single point cr G if A = al, or otherwise, 
two distinct joint eigenvalues (Ti,CT 2 G Calculations of this nature follow 
from [7] and are given explicitly in [55] . 

The case of a pair A of noncommuting (3 x 3) hermitian matrices reveals 
greater geometric structure. If A has a joint eigenvalue cr G then 7(A) 
consists of a together with the support of the Weyl functional calculus associ- 
ated with the pair of reduced (2 x 2) matrices, possibly consisting of the point 
cr together with a disjoint elliptical region. Diagrams are exhibited in [56]. 

5.3.3 The Joint Spectrum of Two Hermitian Matrices 

Let A = (Ai, A2) be a pair of hermitian matrices. Where convenient, we shall 
represent the {N x N) matrix associated with A as A = Ai -|- iA 2 in order 
to avoid hats and tildes. In the same spirit, C is identified with and R^ is 
identified with the subspace {0} x R^ of R^. We adopt the convention that a 
point a; G R^ is written as w = y -I- j/oeo for y G R^ and yo G R- For a n-tuple 
B = (i?i, . . . ,Bn) of {N X N) matrices and ^ G C", the notation (B,^) is 
used to denote the matrix ^j^j- 

We are concerned with the compact set 7(A) C R^ of points at which the 
Cauchy kernel u> 1 — > G;^(A) has a discontinuity as w G R^ approaches the 
subspace {0} x R^ of R^ from above (wq ^ 0^) and below (wq ^ 0“). 

To this end, we examine the integral (4.16) more closely. The unit circle 
in R^ is written as T. Let y = (yi, y2) G We interpret B(y) = yl — A 
as the pair (Bi(y), B 2 {y)) of matrices with Bj{y) = yjl — Aj for j = 1,2. 
Then, appealing to the identity = — 1 for t G T C R(2) with respect to 
multiplication in the Clifford algebra, for yo yf 0 the integrand of (4.16) can 
be written down explicitly as 

((H(y),t)-yot/)-2 = {{B{y),t) + yotir{{B{y),tr + yll)-^ 

= ((H(y),t)2-y2/)((i?(y),t)2 + y2^)-2 (5.26) 

+ 2yot(H(y),t)((B(y),t)2 + y2j)-2. 




5.3 The Joint Spectrum of Pairs of Hermitian Matrices 



The points t gT, where {B{y),t) is not invertible, will dominate the inte- 
gral (4.16) as yo 0+ and j/o ^ 0”? respectively. This suggests to investigate 
the zeroes of 

det{B{y),t) = det{Bi{y)ti + B 2 {y)t 2 ). 

Now suppose that t = = (cos 0, sin 0) for — tt < 9 < tt and let z = e*®. 

Then ti = {z + and t 2 = \z — z~^)j2i, so that 

det{B{y),t) = {2z)~^ det{Bi{y){z^ + 1) - iB 2 {y){z^ - 1)) 

= (2z)-" det((i?i(y) - iB 2 {y))z^ + (Bi(y) + iB 2 {y))) 

= (2z)"”det(Bi(y) - zS 2 (y)) 

X det(z^J -h {Bi{y) - iB 2 {y))~^ {Bi{y) + iB 2 {y))) 

if Bi{y) — iB 2 {y) is invertible. 

Fix y G and let T = Bi{y) + iB 2 {y). Then in the case that T and 
hence, T*, is invertible, the set of points t G T where det{B{y),t) = 0 is in 
two-to-one correspondence with [ct (— (T*)“^T)] nT: if C is an element of the 
set [ct (— (T*)“^T)] n T, then the corresponding t G T is 

For t G T, the equation det {B{y),t) = det(y/ — A, t) =0 has a geometric 
interpretation. Let f-*- G T be orthogonal to t in R^. Then the line 

Ly^t = {y + Xt-^ I AgR} (5.27) 

passes through y G R^ and has the property that {x, t) G cr((A, t)) for all x G 
Ly^t- 

As we will see later, the number of such lines that exist for a point y and 
for all points in a neighbourhood of y, is decisive for whether the point y 
belongs to suppCWyi). We introduce the following definition to isolate those 
points y G R^ for which this is the maximum number possible. The resolvent 
set p{A) of A is the complement in C of the set ct(A) of eigenvalues of A. 

Definition 5.19. Let A be a {N x N) matrix and let R(A) be the set of all 
points A G p{A) such that in some neighbourhood U C p{A) of A in C, 

u({{xl - A)*y^{xl - A)^ C T (5.28) 



for each x G U. 

The set R(A) is necessarily an open set. If the matrices Ai and A 2 com- 
mute, that is, if A = Ai -I- iA 2 is a normal matrix, then the set R(A) is 
readily described. In this case {{xl — A)*)~^{xl — A) is a unitary matrix for 
all X G p{A), so that R(A) = p(A). 

Condition (5.28) may be restated by saying that R(A) is the set of all 
A G C such that in some neighbourhood {7 of A in C, every solution m G C of 
the equation 
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det{{xl - A)*u+ {xl - A)) = 0 (5.29) 

with X GU satisfies |m| = 1 . 

If X G o-(A), then u = 0 is a solution of (5.29) - such points are excluded. 
Note that, in the notation above, this covers the case where Bi(y) — iB 2 {y) 
is not invertible. The determinant det {{yl — A)*u + {yl — ^)) equals 

det(yl — A) det [ul + {{yl — A)*)~^{yl — ^)) . 

for y G p{A). Hence det {{yl — A)* u+ {yl — H)) is a polynomial of degree N 
in u and there are N solutions u G C of (5.29) counting multiplicity. To each 
u G T, there corresponds a line Ty^ui /2 in If all the solutions u G C satisfy 
|m| = 1, that is, if y G R(g 1), then this says that the number of lines Ly t, 
t G T, passing through y, is the maximum possible. In particular, counting 
multiplicity, the maximum number of lines Ly t, t G T, that can possibly pass 
through y is N. As we shall see in Section 5.5 below, the situation is best 
described in real projective space KP. 

According to the discussion preceding Definition 5.19, we have the follow- 
ing alternative formulation of the set R(A). 

Proposition 5.20. Let A = (^ 1 ,^ 2 ) be a pair of {N x N) hermitian matrices 
and A = Ai + iA 2 - 

Then R(A) is the set of all A G for which there exists a neighbourhood 
U of X in with the property that for each x GU, every solution z G C\{0} 
of the equation 

det((x/ — A, s{z))) = 0 

satisfies \z\ = 1. 

The following result describes the relation between the set R(A) and the 
Kippenhahn curves C{A). 

Proposition 5.21. i9R(A) C C{A) C R(A)'^. 

Proof. Let x G R(A). All solutions f of det((x, ()I— {A, ()) = 0 satisfy |C| = 1 
because the set- valued function 

y ' — ' - ^)*)~^{yi - A)), yGp{A), 

is continuous in the metric of unordered N-tuples [65, Theorem II. 5.1] and by 
definition, a{{{yl — A)*)~^{yl — A)) C T for all y G R(A). 

For any such C G T, there exists an analytic parametrization (5.24) such 
that Ai^a;(^) = 0. Suppose A 2 ,a,(C) 7 ^ 0. Then by Lemma 5.16, for all y in an 
open neighbourhood of x, we can find ^(0, y) G T such that Xi^y{(f){0, y)) = 0 
and X[ y{(j){0,y)) yf 0. 

It follows that if A( ^.(C) yf 0 holds for the parametrizations of all solutions 
C, then there is a neighbourhood U of x such that for every y G U, all nonzero 
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complex solutions 2 of det{{y, s{z))I — {A,s{z))) = 0 satisfy \z\ = 1. This 
means that x € R(^). 

Therefore, for every element x of i9R(^) = R(A) \ R(^), there must exist 
a solution C and an analytic parametrization (5.24) such that Ai^a;(C) = 0 and 
A( 3,(0 = 0. Proposition 5.17 yields that x G C{A). 

To establish the inclusion C{A) C R(^)°, suppose that x G C{A). By 
Lemma 5.15, except possibly for a finite subset J of C{A), there exists a 
neighbourhood U of a; in in which not every solution 2 ; G C of 

det{{yl - A,s{z))) = 0 

for y G U, belongs to T. More precisely, for y on one side of C{A), there exist 
at least two solutions belonging to T - two unit normal vectors to the local 
tangents to C{A) passing through y ~ and for y on the other side of C{A), 
two solutions that do not belong to T. Moreover, if a: G J, then either x is 
isolated, or any neighbourhood of x contains a point y G C{A) \ J to which 
the conclusion above applies. In either case, x G R( 2 l)'^. □ 

By considering the direct sum of suitable matrices, the inclusions of Propo- 
sition 5.21 can be made to be proper inclusions. 

The following simple condition guarantees that a point y G belongs 
to R(Gl). Let K{A) denote the numerical range 

{^{Ax,x) I X G C^, |x| = 1 } 

of the {N X N) matrix A = Ai + iA 2 . 

Proposition 5.22. Let A be an {N x N) matrix. Then C \ K{A) C R(A). 
Consequently, C \ R(xl) is a nonempty compact subset of the numerical 
range K{A) of the matrix A. 

Proof. Firstly, <j{A) C K{A), so if A G C lies outside K{A) then A G p{A). 
Moreover, for every u G C, the inclusion 

a{{XI - Afu+{\I - A)) C K{{XI - A)*u+{\I - A)) 

holds. Hence, for any complex number u for which 0 G cr((A/— Gl)*t 6 -|-(A/— H)), 
there exists x G with |x| = 1 such that 

{{XI — A)*ux,x) + {{XI — A)x,x) = 0. 

Here ( • , • ) is the inner product of C'^. Because A — {Av, w) yf 0 for all v G 
with |w| = 1 , the complex number 

A — {Ax, x) 
u = — = — 

A — {Ax, x) 



has modulus one. Consequently, A G R(H). □ 
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Remark 5.23. The same proof works with the analogous definition of R(^) 
if A is a bounded linear operator on a Hilbert space. If A is normal, then 
R(A) = p{A) and Wa is the spectral measure of A supported on <j{A). 

Our aim is to prove the following result strengthening Proposition 5.22 
above and providing a geometric characterisation of the support suppCWyi) 
of the Weyl functional calculus and for the joint spectrum 7 (A) of a pair of 
hermitian matrices. 

Theorem 5.24. Let A = (Ai, A 2 ) he a pair of hermitian matrices and A = 
Ai+iA 2 . Then the equalities supp{W a) = l{A) = \ R(A) hold. 

The equality supp(Wa) = l{A) is proved in Theorem 4.8 for any n- 
tuple A of bounded selfadjoint operators, so we are now concerned with the 
second equality for hermitian matrices Ai , A 2 - the geometric characterisation 
of 7 (A). 

The spectrum <t(A) of the matrix A = Ai + iA 2 is clearly contained in 
the numerical range K{A) = co (supp(>Vyi)) of A. The following immediate 
consequence of Theorem 5.24 and the fact that R(A) C p(A) strengthens this 
observation. 

Corollary 5.25. Let A = (Ai, A 2 ) be a pair of hermitian matrices and A = 
Ai + iA 2 . Then ct(A) C supp(>Va)- 

A bounded linear operator on a Hilbert space is called normal if it com- 
mutes with its adjoint. The following consequence of Theorem 5.24 charac- 
terises the situation in which the inclusion in Corollary 5.25 is an equality. 

Corollary 5.26. Let A = (Ai, A 2 ) be a pair of hermitian matrices. Set A = 
Ai -|-iA 2 . The following conditions are equivalent. 

i) A is a normal matrix. 

ii) supp(>Va) has empty interior. 

iii) cr ^((x/ — A)*) ^(x/ — A)^ C T for all x & p{A) . 

iv) cr(A) = supp(>Va)- 

Proof. If A is a normal matrix, then the distribution Wa is associated with 
the spectral measure of A supported by the finite set of joint eigenvalues of 
A, so the implication i) ii) is immediate. The definition of the set R(A) 
and Theorem 5.24 shows that iv) follows from iii). The implication iv) 
i) is proved in [32], [95], so it remains to establish ii) iii). 

Suppose that the negation of iii) holds and that A S p{A) has an eigen- 
value of the matrix ((A/ — A)*) ^(A/ — A) lying outside the unit circle T. 
Then the same holds in a neighbourhood of A because the unordered n-tuple 
of eigenvalues of the matrix valued function A 1 — > ((A/ — A)*) ^(A/ — A) de- 
pends continuously on the parameter A [65, Theorem II. 5.1]. Hence, C\R(A) 
has nonempty interior. According to Theorem 5.24, supp(Wa) has nonempty 
interior. □ 
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The remainder of this section is devoted to a proof of Theorem 5.24. We 
first show that R(A) C "/{Ay. Let x G R(A). We must find an open neigh- 
bourhood C/ of ( 0 , a;) in such that the function 

(e,y) I — > Gy+,eo(A), (e,y) G C/\ ({0} X 

is the restriction to U \ ({0} x K^) of a continuous function defined in U. 
Then by Painleve’s Theorem [19, Theorem 10.6, p. 64], Guj{A) is monogenic 
in a neighbourhood of (0,a;), because Gi^{A) is monogenic above and below 
{0} X Hence x G 7 (A)°. 

We start by examining the plane wave decomposition (4.16). Let y G 
and set B{y) = yl — A. First, we convert the integral (4.16) to a contour 
integral 

( {{B{y),s) - esl)~‘^dy{s) = -i [ {{B{y),s{z)) - es{z)I)~'^z~^ dz (5.30) 
Jf Jf 

for the function s : C\{0} ^ defined by formula (5.22). The integral (5.30) 
may be evaluated using Cauchy’s Residue Theorem by finding the residues of 
the function 

z I — > {{B{y),zs{z)) — ezs{z)I)~'^z (5.31) 

in the open unit disk = {2 G C | \z\ < l}. The formula (5.26) holds for 
any s G T and e = yo y 0 . We split the integral (5.30) accordingly into its 
scalar part belonging to the linear subspace {Tcq \ T G £(C^)} of £(C^)(2) 
and its vector part belonging to the linear subspace {TiCi -I- T2C2 | Ti,T2 G 
£(C^)} of £(C^)( 2 ). There is no component belonging to the linear subspace 
{Teie 2 I Tg £(C^)} of£(C^)( 2 ). 

We make a few observations. If the limit of the scalar part 

-i f {{B{y), sf - e^I){{B{y), sf + yi)-^z~^ dz (5.32) 

of the integral (5.30) exists in £(C^) and is nonzero as e ^ 0, then by 
formula (5.4), the Cauchy kernel Gy+eed^) has a jump discontinuity at y G 
as e ^ 0. In this case y G 7 (A). The formula 

Wa{^) = lim / [Gy+,eo{A) - Gy.,eo{AM{y) ct>GGy{R% 

e^0+ Jr2 

mentioned in the proof of Theorem 4.8 shows that the jump 
y I — > lim [Gy+ eeo (A) -Gy 

— eeo (A)], 

where it exists, is the Schwartz kernel of the matrix valued distribution Wa- 
The vector part 
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^ J s{B{y),s){{B{y),sy + e^I) ^ dz (5.33) 

of the integral (5.30) depends only on |e| for e yf 0, so the vector part of 

Gy+eeo{-^) ~ Gy-eeoi-^) 

is zero for all £ > 0, in accordance with the fact that the distribution Wa 
takes its values in the subspace £{C^) of £(C^)( 2 )- 

The strategy used to prove that x G ^{AY is to show that the matrix- 
valued integral (5.32) converges to zero as e ^ O-h, whereas the integral (5.33) 
converges in £(C'^)( 2 ) uniformly for all y G in a neighbourhood of x. 

We first examine the residues of the matrix- valued integrand 

z ^ {{B{y),s{z)Y - YmB{y),s{z)Y + Yl)-^z-^ (5.34) 

of (5.32). Note that if y belongs to an open neighbourhood of x in R(£l) C 
p{A), then the point z = 0 is a removable singularity, for Bi{y) + iB2{y) = 
{yi + iy2)I — {A\ + iA2) is invertible and we may write {{B{y),s{z)Y — 

e2/)((B(y),s(z))2 + e2j)-2^-l ag 

{{B{y),zs{z)Y - ze‘^I){{B{y),zs{z)Y + ze‘^I)~‘^z, 

where {{B{y), zs{z)Y-ze^lY{B{y), zs{z)Y+ze^I)-^ ^ YBYy)+^B2{y))-^ 
as z ^ 0. 

Lemma 5 . 27 . Let e > 0. //z yf 0 is o solution o/det {{B{y), s(z)) -I- iel) = 0, 
then z“^ satisfies det ((i?(y),s (T“^)) — iel) = 0. In particular, if is the 

function defined in Corollary 5.18, then </>(—£, y) = </>(e, y) 

Proof. The identity (B{y), s (z~^)) = (B(y),s(z))* holds because Ai and 
A2 are hermitian matrices, so 

det {{B{y), s (z"^)) - iel) = det ((B(y), s(z))* - iel) 

= det {{B{y), s{z)) + iel). 

Let Ai^a; : ^ C and (j) : Ux ^ C he the functions defined in Corollary 5.18. 

Then z 1 — > Ai,a;(z“^), z G is analytic and equal to Xi^x on C^nT where Ai^a; 

has real values. By analytic continuation, it follows that = X\^x{z) 

for all z G V(^. According to the definition of we have Xi^x{fi{e,y) ) = 
Xi.xi 4 >{e,y)) = —ie and Ai.a;(^(— e, y)) = —ie. The uniqueness of ensures 
th&t (j>{-e,y) = (j){e,y) for all (e, y) G □ 

Hence, solutions zGC\{0}of 

det {{B{y), s(z))^ -k e'^l) = det {{B{y), s(z)) -k iel) det {{B{y), s(z)) - iel) 

= 0 
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either satisfy 2 G T (if e = 0) or come in pairs z = ^ and z = ^ , one inside 

the open unit disk D and the other outside the closed unit disk D. 

The following representation was obtained in [16, Equation (4.4a)] using 
a plane wave decomposition different to the one used here. 

Lemma 5.28. Suppose that x G M^\(j(^) does not belong to the Kippenhahn 
curves C{A). Then there exists an open neighbourhood U of x in disjoint 
from C{A) and two contours, Ti{x) surrounding D and T 2 {x) contained in D, 
both anticlockwise oriented, such that {B{y), s{z)) is invertible in £{C^) for 
all z G Ti{x) U T 2 {x) and y G U, and the limit 

lim [ {{B{y), s{z)f - e^I){{B{y),s{z)f + dz 

e^0+ 

= f {{B{y),s{z)f - e^I)x 

^ J ri(x)+r2(x) 

{{B{y),s{z))'^ + e'^I)~'^z~'^dz (5.35) 

= i / {yl - A,s{z))~‘^z~^ dz, (5.36) 

^ J r-i(x)+r2(x) 

exists and the convergence is uniform for all y G U . 

Proof. Suppose that f G D satisfies 

det((xJ- A,s(C))) = 0. (5.37) 

If C € T, then we know that an analytic parametrization (5.24) exists in 
an open neighbourhood of C in C for which Ai^a;(C) = 0- By assumption, 
X e \ C(^), so Corollary 5.18 implies that there exists a smooth function 
y I — > (f>{0,y) defined in a neighbourhood U of a; in disjoint from C{A), 
such that 4>{Q,x) = 4>{Q,y) G T and (^(0, y)) = 0 for all y gU. 

Furthermore, the solution y) of y)) = is a smooth function 

for (^, y) in a neighbourhood of (0, x) in Hence, given any contours Pi{x) 
and P 2 {x) satisfying the conditions above, there exists an open neighbour- 
hood V of (0,a;) G such that </>(±e,y) lies in the region between the 
contours Pi(x) and P 2 (x) for all (±e,y) G V. According to Corollary 5.18, 
the complex numbers ^(±e, y) are distinct and both converge to 4>(0, y) as 
e — > 0-|-. 

On the other hand, 

Ax = {z G D \ det ((jc/ — A, s(z))) = 0 } 

is a finite subset (Ci)^=i of the open unit disk D. We claim that there exists 
an open neighbourhood W of (0,a;) and disjoint closed disks Dj C D centred 
at Cj G Xx such that for every (^, y) G W, all solutions z of the equation 



det ((yl — A, s(z)} + i^I) = 0 



(5.38) 
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lie in the union of the disjoint closed disks. 

This would again follow from Corollary 5.18 if we knew that an analytic 
parametrization (5.24) exists in an open neighbourhood of C G Xx- We 
have already noted that, except for a finite set of points, such an analytic 
parametrization is possible [13, Theorem 3.3.12]. More simply, setting B{y) = 
yl — A, equation (5.38) can be written as 

det {{yl - A, s{z)) + i^I) 

= (2z)“" det {{B{y), 2zs{z)) + i2z^I) 

= (2z)“”det(Bi(y) -zS 2 (y)) det (Bi(y) - 1 ^ 2 ( 2 /))“^ x 

{Bi{y) + iB2{y)) + i2z^{Bi{y) - iB2{y))~^) 

= ( 20 )-”det(Bi(y) - iB 2 {y)) det [{zl + i^Biiy) - iB 2 {y))-^f 

~{Bi{y) - iB2{y))~^{Bi{y) + 1 ^ 2 ( 2 /)) + ^'^{Bi{y) - iB2{y))~'^] 

= 0 , 

provided that y G p{A). By assumption x G p{A), so the equation is valid for 
all 2 / in a neighbourhood of x and the solutions z of (5.38) can be expressed 
in terms of the eigenvalues of an (fV x N) matrix depending continuously 
on (^, y). The unordered A'^-tuple of eigenvalues of this matrix valued function 
depends continuously on the parameters (^, y) [65, Theorem II. 5.1] facilitating 
the construction of the required disjoint closed disks Dj, j = 1, . . . ,k. 

According to Lemma 5.27, poles of the function (5.34) come in pairs 
(z,z“^) lying either inside the open unit disk D or outside the closed unit 
disk D for all 2 / in a neighbourhood of x. Now choose the inner contour B 2 {x) 
to surround every closed disk Dj, and choose Bi{x) to lie between T and 
points z G u'j^iDj, outside D. Next choose the intersection of all open 
neighbourhoods V of (0, x) corresponding to the finitely many solutions C G T 
of equation (5.37) and take the intersection V of this open set with the open 
set W corresponding to the finitely many solutions C,j G D, j = 1, ... ,k of 
equation (5.38). 

Then for every (e, y) G V', the contour integral 

/ {{B{y),s{z)f - e^I){{B{y), s{z)f + e^I)-^z~^ dz 

J ri{x)+r2{x) 

is 27rt times the sum of the residues of the integrand at the distinct poles 
4>{dze, y) and 47ri times the sum of the residues at poles near solutions & D 
of equation (5.37), because both contours A(®) and B 2 {x) surround these. 
The possibility of a pole at zero in the case that y G cr(A) is excluded. 

The function 

(e,2/) -- f {{B{y),s{z))^ - e^I){{B{y),s{z)f + e^iy^z-^ dz 

J ri(x)+r2(x) 

is continuous on V , so the equality (5.36) is immediate. To prove the equality 
(5.35), we need to look separately at those poles C of (5.34) satisfying (5.37) 
lying inside the open disk D and those lying on T. 
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The sum of the residues of the function (5.34) belonging to C D 

is equal to ^ s(z))2 - s(z))^ + dz for all 

(e, y) G V, so this is uniformly continuous in (e, y) G V . 

Now we need to show that the sum of the residues of the function (5.34) 
over all the poles </>(±e, y) converges uniformly in y as e ^ 0+ to twice the 
sum of the residues of z i — > {B{y), s{z))~'^ z~^ over all the poles ^(0,y). 
According to Lemma 5.27, one of the poles ^(±e, y) lies in D and the other 
is outside D, so then equality (5.35) will be established. 

The set Zy of all solutions ^ G T of equation (5.37), is finite for each y 
in a neighbourhood of x, so it suffices to prove that each residue of (5.34) 
at (()(±e,y) converges uniformly to the residue of z i — > {B{y), s{z))~'^ z~^ 
at 4>{Q,y). 

For every solution G Zy, there exists a neighbourhood in C such that 
n {Zy \ {^}) = 0 and the parametrization (5.24) holds. Then, writing \j 
for the eigenvalues \j,y{z) of (y/ — A, s{z)) in (5.24), the equality 

{{B{y), s{z)Y - e^I){{B{y),s{z)f + e^I)-^z~^ 

^ £ ( A ,(!)2 + £ 2 ) 22 ^ jW 



holds for all z gV(^. 

By assumption, the eigenvalue functions \j have at most one zero, z = 
C, in Vq. We may suppose that for some integer k, 1 < k < m, we have 
Ai(C) = • . • = Afc(C) = 0 and Xj{C) yf 0 for j > k. The terms in the sum (5.39) 
corresponding to the latter are analytic in the open set Vq. 

By Corollary 5.18, there exists a neighbourhood Ux of (0,a:) in such 
that for all j with 1 < j < fc, <pj{e,y) = X~^{ie) defines a C°°-function on Ux 
satisfying A'(^j(e,y)) yf 0 for all (e,y) G Ux- In particular, the set of all 
y G such that (^,y) G Ux for some ^ G K, is disjoint from C{A). Then for 
e > 0, we have 



Res 



{X,{zr + e^rz 



Pj{z)](j)j{e,y) 



A,(z)2-, 



A'(<('i(e,y))^ [dz V(Aj(z) +ze)2z 

A"(<(>j(e,j/)) J() (<(>j(e,j/)) 

A'(«i'j(e,y))^</>i(e,y) 






-• 4>j{^,y) 



Here we have written 



{X,{zr + e^r = (A,(z) + ze)2(A,(z)-ze)2 

and noted that 



/ Aj(z) - Xj{(j3j{e,y)) \ 

V z- 4 >j{e,y) J 



{z-4>j{e,y)f 



{Xj{z)-ief 



2 
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gives rise to a pole of order two at <j)j{e,y). Now 

d ~ + »e) ~ ~ e^) _ y ~ 

dz (Aj + ie)^ (Aj + ie)^ ^ {Aj + ie)^ 

is zero at (j)j{e,y). According to Corollary 5.18, the function (e,y) i — > 
A'j{(j>j{e,y)) is C°° and nonzero in a neighbourhood of (0,a;). It follows that 
the matrix 



Res 






(A,(zr + e^rz ^ 

1 

2A'(«i'j(e,y))2 



Pj{z);cj)j{e,y) 



d Pj{z) 



dz z 



-I 



(5.40) 



converges uniformly for all y in a neighbourhood of x as e ^ 0“''. 

The residue at each of the poles (j>j{zte,y) contributes to the integral over 
Ti(x) + P 2 {x), so in the limit, we obtain twice the sum of the residues of the 
matrix-valued function z i — > (B(y), s(z))“^z“^ at poles C G T and inside T. 
We have proved the required formula. □ 



The next lemma establishes that the scalar component of co i — > Gc^{A) is 
continuous in a neighbourhood of x G R(A) in 

Lemma 5.29. For every x G R(A) the matrix valued function 

y ' *■ ^y+eeo(,-^)~Gy — ^eo {A), yGK^ 



converges to zero as e ^ 0-I-, uniformly for all y in a neighbourhood of x. 

Proof. By Corollary 5.18, x G G{A)'^ and R(A) C p{A), so the representa- 
tion (5.36) is valid. But there are no poles interior to T or exterior to T. Hence, 
the integral over P2{x) is zero and we can deform Pi{x) to oo. It follows that 
integral (5.36) is zero. □ 

The following argument treats the residues of the integrand 

^ ^ s(z)(B(y),s(z))((B(y),s(z))2 + e2j)-2^-i (5.42) 

of the contour integral (5.33), the vector part of the Cauchy kernel. 

Let X G (C(A) Ucr(A)). As in the proof of Lemma 5.28, there exists an 
open set G D about each solution C G U of det((x/ — A, s(z))) = 0 and a 
neighbourhood W of (0, x) in such that for every (,J, y) G W, all solutions 
z of the equation det((y/ — A, s(z)) — if I) = 0 belong to Moreover, the 

closures of the open sets are pairwise disjoint. 

The sum R^{e,y) of the residues of the function (5.42) at poles in is 
a continuous function of (e,y), because it can be represented as a contour 
integral of the continuous function (5.42) over a contour inside the open unit 
disk D surrounding Vq. Then 
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lim eRr{e,y) = 0 

e^0+ 

uniformly for y in a neighbourhood of x. 

Now let C G T be a solution of det((a;/ — A, s(z))) = 0. Suppose that 
j, 1 < j < TO, is an index for which Xj{C) = 0 and (f>{e,y) = lies 

in D for all 0 < e < 5, otherwise, replace ie by —ie. Such a solution exists 
by Corollary 5.18 and the assumption that x G \ C(A). Furthermore, 
(e, y) I — > (j){e,y) is C°° in a neighbourhood of (0,a?) and |A'(^(e,y))| is 
bounded below. 

Lemma 5.30. Let a; G \ C{A) and suppose that (j){e,y) is a pole of (5.4^) 
belonging to the open unit disk D, as defined above. Then 

s{z){B{y),s{z)){{B{y),s{zr + e^I)-^ 

; y) 




converges as e ^ 0+, uniformly for all y in a neighbourhood of x. 

Proof. As in the proof of Lemma 5.28, it suffices to prove that 

converges as e ^ 0+ uniformly for y in a neighbourhood of x. 

By assumption, (f>{e,y) = Xj^{ie) lies in the open unit disk D for all 
0 < e < J. Then 



s{z)Xj(z) 






Pj{z);(l>{€,y) 



d ( s{z)Xj{z) 



A' (</*(£, y))^ [dz \{Xj{z) + ieYz 
iXj (^(e, y))s(^(e, y))Pj (^(e, y)) 
4A'((/)(e,y))3(/)(e,y) 



Note that 



d Xj ^ , {Xj + ie) - 2A 

dz {Xj + ie)^ ^ {Xj + ie)^ 



‘i — _y 



" (A,+te)3 



is zero at 4>{e,y). On the other hand, 
eXj{(f{e,y)) \ 



(Aj(^(e,y)) + fe)2 [dz \ ^ 






is equal to 



i [ d 
4 dz 




<i>U,y) 



and the other terms in the residue formula converge uniformly for y in a 
neighbourhood of a: as e ^ 0+. □ 
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Consequently, for every x G R(A), the matrix- valued integral (5.32) con- 
verges to zero as e ^ 0, whereas the integral (5.33) converges in £(C^) uni- 
formly in a neighbourhood of x. The Cauchy kernel oj i — > Gc^(A) is therefore 
continuous in a neighbourhood of (0,a;) in proving that x G 

To complete the proof of Theorem 5.24, it still remains to prove that x G 
y(A) for all a; G \ R(A). We essentially follow the somewhat abbreviated 
proof of [16, Theorem 4.3] after noting that Condition II of [16, Theorem 4.3] 
is superfluous by appealing to our Lemma 5.12. As mentioned in [16, p. 316], 
the proof is based on a closely related argument of Petrovsky [85, p. 348]. 

Let A(A) be the set of all a: G \ C(A) such that limg^o+ [Cy+eeo (A) — 
Gy-seo (A)] converges uniformly to zero for all y in an open neighbourhood 
of X disjoint from C(A). Then A(A) is an open subset of containing 7 (A)°, 
because for every x G j(A)^, the Cauchy kernel w i — > Gi^(A) is continuous 
for every w in a neighbourhood of (0, x) in R^. 

Suppose that 



(r2 \ (R(A) U C(A))) n A(A) ^ 0. (5.43) 

We shall obtain a contradiction from the assumption (5.43), so showing that 
R2 \ (ip) U C(A)) C A{Ay c 7 (A). 

((r2 \ (^ U C(A))) n A(A)) \ a(A) (5.44) 

is a nonempty open set, there exists a nonempty open subset U of the set (5.44) 
such that lim£^g+ [Gy+eeo ( A) — Gy_geo(A)] converges uniformly to zero for 
all y G U. 

Now U is disjoint from R(A) and <t(A). If for every x G U, every pole of 
the function 

2 I — > {xl — A,s{z))~^ (5.45) 

lies on T , then U C R(A). By Lemma 5.27, poles z ^ T of (5.45) come in 
pairs z G D and G D , so there must exist x G U such that (5.45) has a 
pole inside D. Moreover, by the argument of Lemma 5.28 , the set 

{yGR2 I a(((y/-A)*)"'(yJ-A))f|ZJ^0} 

is an open subset of R^ , so for every y belonging to some neighbourhood of 
X, the function z i — > {yl — A, s(z))“^ has poles inside D. By shrinking U 
if necessary, we suppose that U has this property. 

Then the calculation of the residues in Lemmas 5.28 and 5.30 is still valid 
because U is disjoint from both cr(A) and G(A). By Lemma 5.28, the limit 
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linie^o - -4, s)2 - e'^l){{yl - A, s)^ + e^I) ^ d/i(s) 

is a matrix- valued real analytic function for all y in a neighbourhood Ux of x 
contained in 17 - a constant times the function 

y ' *■ liui i^y+seoi-^) £60 (- 4 )] ) y G Ux- 
£—<■ 0 + 

By assumption, Ux C A{A), so for all y & Ux, we have 

I {yl - A,s{z))-^z~'^dz = 0. (5.46) 

J ri{x)+r2{x) 

The point z = 0 is a removable singularity of the integrand in equation (5.46) 
because y G Ux C p{A). 

Up until this point, we have worked locally with solutions (j){y) of the 
equation 

det((y/- A,s(z))) = 0 

for 4>{y) belonging to a neighbourhood of T. 

Now let us consider all solutions 4>{y) € C of the simultaneous equations 

det{pl - (A, s(z))) = 0 (5.47) 

y-{y,s{z)) = 0, (5.48) 



for y G 

For z yf 0, equation (5.47) is equivalent to det(zyl — (A, zs(z))) = 0 
and the function (y, z) i — > det(z/i — (A, zs(z)}) is a polynomial in two vari- 
ables. Equation (5.47) therefore determines an algebraic function zy(z) of z [1, 
Chapter 8, Definition 2]. Except for a finite set S of points in C, each function 
element (y, f2) of y can be continued along any arc not passing through one 
of the exceptional points belonging to S' [1, p294]. It follows from Rellich’s 
Theorem and equation (5.24) that S is disjoint from T. 

Suppose that {pj, f2j) is a function element of y such that fij is disjoint 
from S U {0}. Then ^ i — > (si(C) : 82(C) • ~Mi(C))) C G is a smooth local 
parametrization of the algebraic curve C{A)* of Subsection 5.3.1. If y G 
and z G C satisfy equation (5.48) for y = Pj{z), and p'j{z) — (y,s)'{z) = 0, 
then by Lemma 5.12, y G C{A). Consequently, if y ^ C(A), then any solution 
Zo of equations (5.47), (5.48) with y = pj{z) has the property that 

y'jizo) - {y,sy{zo) yf 0. 

Suppose that y ^ C{A). By the remark after Lemma 5.16, there exists 
an open neighbourhood Vy of y in and an analytic function w 1 — > (j>j{w), 
w G Vy, of two real variables such that {w, s{(j)j{w))) = pj{(j)j{w)) for all 
w G Vy. Hence, 
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det{{w,s{(j)j{w)))I - {A,s{<l)j{w)))) = 0 
and for every w € Vy the complex number (j)j (w) is a pole of the function 

2 ; I — > {wl — A,s{z))~^ . 

Now according to (5.43), we are assuming that poles of the function (5.45) 
exist inside D. So there exist a nonzero integer k and 2k functions y i — > 
±4>j(y), j = 1 , . . . , fc, defined for y & Ux, that are analytic in two real vari- 
ables and poles of (5.45) belonging to D. We can also assume that they have 
the property that ±</>j(y) ^ S' U {0} for all y G Ux and and that they are 
constructed, as above, from the algebraic function zy{z). 

This is valid, because to any nonzero exceptional point z € S, there cor- 
responds a unique solution y G of (5.48) satisfying the equations 

yisi{z) + y 2 S 2 {z) = y (5.49) 

yisi{z) - y 2 S 2 {z) = Jt. (5.50) 

Here we use the observation that s\{z)s 2 {z) + si{z)s 2 {z) = 0 if and only if 

\z\ = 1 and S is disjoint from T. The point z = 0 is associated with points 

C G c'(H) with yi + iy 2 = C ^tnd lim. zy,j{z) = C/2, for some function 
element (/ij, fij) oi y, with 0 G 

With these preliminary observations out of the way, we will obtain a con- 
tradiction from the assumption that equation (5.46) holds in a neighbourhood 
Ux of X. 

Let xi G R( 2 l) and suppose that t i — > 7 (f), 0 < t < 1, is a smooth 
curve in such that 7 ( 0 ) = x and 7 ( 1 ) = x\. Suppose further that where 
7 crosses a curve belonging to C{A), it does so nontangentially and avoids 
all intersections, cusps and isolated points. This is possible because there are 
only finitely many such points. Furthermore, we suppose that 7 also avoids the 
image in of the exceptional points S and the spectrum a (A) of A. Then 
in a neighbourhood of any point in 7 ([ 0 , 1 ]), the functions {4>j}^=i defined by 
the algebraic function zy{z) from equations (5.47) and (5.48) in the manner 
described above, do not take values in S'UjO}. Moreover, we have C’j ( 7 ( 1 )) G T 
and C’j ( 7 ( 0 )) G C/a; C U for j = 1, . . . , A:. Let 

to = supjt > 0 : (j)j{'-f{s)) G D for every 0 < s < t and j = 1, . . . , fc }. 

Then 0 < to < 1 and, by continuity, for some m = 1, . . . , fc, we must have 
C'm(7(Co)) G T- If M/(/'m(7(fo)))-(7(/o),s)'(</m(7(fo))) 7^ 0, then by Rellich’s 
Theorem and Lemma 5.16, there exists (5 > 0 such that 4>m{'y{t)) G T for all 
t G {to — 6, to + S), contradicting the definition of to- Hence 7 (^ 0 ) G C{A) by 
Proposition 5.17. 

According to our assumption, equation (5.46), the sum Res{y) of the 
residues of the function z 1 — > {yl — A, s(z))~^z~^ at ±(/>j(y) and ±i/>j(y)~^, 
j = l,...,fc, is zero for all y G Ux- The outer integral about the contour 
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ri{x) in equation (5.46) surrounds ±<pj{y) ^ and the integral is calculated 
from the residues at by the Cauchy integral formula. 

For each 0 < t < to, there exist contours C D‘^ and l 2 ( 7 (t)) C D 

and neighbourhoods V^(^t) of 7 (f) such that surrounds {(l)j{y)~^}j=i 

and l 2 ( 7 (t)) surrounds {(pj{y)}j^i for all y G £^nd the contours do not 

surround any other poles of the function (5.45) for any y G Fy(i). 

To see that this construction is possible, suppose that 4>e is some other 
distinct solution of the simultaneous equations (5.47) and (5.48) such that 
C = = ^^i( 7 (f)) G D, say, for some 0 < t < to- Then 

( 7 (f). s(0) = M^C) = Mi(C) 

for two eigenvalues ^n{z) and y.\{z) of the matrix {A, s{z)), for all z G C in a 
neighbourhood of C. Then C must be a branch point of the eigenvalues of the 
matrix valued function z 1 — > (A, s(z)), that is, C G S'. This contradicts our 
choice of the arc 7 . Hence, all solutions of the simultaneous equations (5.47) 
and (5.48) have distinct values at each point of 7 . By continuity, for each 
0 < t < to we can choose a neighbourhood of y(t) in which solutions of 
(5.47) and (5.48) have this property and contours Ti( 7 (t)) and r 2 {'j{t)) with 
the properties described above. 

Then the function 

Res{y) = 7 ^ [ {yl - A,s{z))~‘^z~^ dz 

defined for all y G V^^t) and 0 < t < to agrees on [7,^714 with the sum Res{y) 
of residues defined above for y & U^- Clearly, Res{y) is an analytic function 
of the two real variables y, so by analytic continuation, Res{j{t)) = 0 for all 
0 < t < to. 

The point (pm{l{to)) G T corresponds to where 7 crosses the curve C{A) 
at to with 4>m{l{to)) the direction of the unit normal. As mentioned above, 7 
may have crossed a curve in C{A) earlier, leading to the appearance of poles 
of the function (5.45) additional to {4>j{y)}^=i for y G Fy(i), but the chosen 
contours do not surround these. 

Because 7 avoids all intersections, isolated points and cusps, for each 
j,m = with j yf m, we have </>j( 7 (to)) yf <?^m( 7 (fo)) and 

is bounded away from T for all 0 < t < to (the unit normal is unique). 
Any other poles </>( 7 (to)) of (5.45) are not associated with function elements 
of y at which equation (5.25) holds for y = 7 (tp). Otherwise, by Proposi- 
tion 5.17, 7 (to) would lie on the intersection of curves belonging to C(A) with 
<j)(^(to)) G T, the unit normal to one of the curves. 

However, it is impossible that Res{'j{t)) = 0 for all 0 < t < to, be- 
cause the residues diverge at 4 >m{l{to)) G T, but are uniformly bounded at 
^j(7(^))> 0 < f < fo for J 7 ^ rri. This follows from an asymptotic analysis of 
formula (5.36) as y ^ 7 (fo) along 7 . The asymptotic analysis is facilitated 
by the fact that y,j and Pj are analytic in a neighbourhood of 4 >m{l{to)) by 
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Rellich’s theorem. Rather than repeat the calculation here, see [16, Equa- 
tion (4.24)], and the references there that follow that equation. The original 
assumption that Res{y) = 0 for all y in a neighbourhood Ux of x must be 
false. 

li X £ R(A)'^ n R(4l) = 9R(A), then by Proposition 5.21, x is an ele- 
ment of C{A), so it only remains to treat the case x G C{A). In this case, 
the asymptotic analysis mentioned above ensures that we can actually make 
limg^Q+ [Gy+eeo (^) — Gy-seo{A)] diverge as y ^ a; in some direction in 
C(^)^ namely, from the direction into which the curvature vector points, 
proving that x G 

We have established the inclusion \ R(A) C 7 (A). □ 



5.4 Simultaneously Triangularisable Matrices 



After commuting matrices with real spectra, simultaneously upper triangu- 
larisable matrices are the next simplest to study. By factoring out an ideal, 
they can be considered as if they were commuting [87]. Many conditions guar- 
anteeing simultaneous triangularisability for families of matrices are given in 
the monograph [90]. 

The preceding section was concerned with the joint spectrum of a pair of 
hermitian matrices. It follows from Corollary 5.26 that as soon as the two 
hermitian matrices Ai, A 2 do not commute, then the joint spectrum 7 (A) of 
A = (Ai,A 2 ) necessarily has nonempty interior. A key part of the proof of 
Theorem 5.24 is Rellich’s Lemma: the spectral projections and eigenvalues of 
the matrix (A, s(z)) are analytic in z in a neighbourhood of |z| = 1. 

In the case of a pair of simultaneously triangularisable matrices with real 
spectra, Rellich’s Lemma is no longer applicable. A simple example of 2 x 2 
upper triangular matrices illustrates the point. 



Example 5.31. Let 



Ai 




and A 2 = 



ClAi -I- ^2A2 = 
{ilAl + ^2A2)^ = 
(CiAi -I- 6A2)^ = 

(ClAi -I- ^2A2)^ = 



(^0 1 ) ’ 

Cl + 

6 ) 

6(^1 + C 2 )\ 

Cl ) 

Cl(Ci + C2)\ 
Cl ) 



C2”-'(Ci+C2)\ 
C 2 ^^ ) 



It follows that 
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and so 



g*(5l^l+C2^2) 



0 (^1 + 6)- 
0 



_ 

^^2 



('27t)-2 ( f,iiiiAi+i2A2)\ ' ^ fo {dl + d2){So 0 X[0,1])^ 
^ V / \0 5o 0 y 

^ /o (5^) (g>X[o,i]\ 

yO i5o <8> / 

/O (5o <8> (<5o — (5i)\ 

\^0 1^0 ® / 



(5.51) 



The presence of the distribution Sq 0 X[o,i] in (5.51) means that the joint 
spectrum j{A) is equal to the subset {0} x [0, 1] of K^. Although the matrices 
Ai and A 2 do not commute, the set 7(A) has empty interior. 



The proof of Theorem 5.24 depends on Rellich’s Lemma and, in turn, the 
assumption that the matrices are hermitian. Let us see where Rellich’s lemma 
fails for the upper triangular matrices considered in Example 5.31 above. 

We write (AX) for the matrix AiX + A 2 C 2 for any ( G C^. Let si(z) = 
^{z + 1/z) and 52 ( 2 ) = — 1/-^) for all nonzero z gC. Then 



(A,s(2)) 



/O si(z) + S 2 ( 2 :)\ 

Vo S2(z) J 



and we have the representation (A, 5 ( 2 )) = O.Pi( 2 ) + S 2 (z)P 2 (z) for the pro- 
jections 



Pi(z) 




P2{Z) 



0 1 ) 



onto the eigenspaces corresponding to the eigenvalues 0 and S 2 {z), respec- 
tively, of (A, s{z)). For any y G R^, the matrix (yl — A, s(z)} has the repre- 
sentation 



(yl - A, s(z)) = {y, s{z))Pi{z) + {{y, s(z)) - S 2 (z))P 2 (z). 

We are concerned with the residues of the matrix valued function 

((y/ - A, s)2 - y^/) {{yl - A, s)2 -b yol)~^ (5.52) 

inside the unit circle for nonzero real numbers yo- According to the spectral 
representation of (A, s), the expression (5.52) is equal to 

{y,s)‘^-yo p {{y,s) - S2f -yp 

iiy^^y + yir ' {{{y,s)-S2r + yor " 



(5.53) 
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The poles under consideration are those solutions z of 

(y, s(z)) = ±z|yo|, (y, sW) - S2(z) = ±z|yo| 

that lie inside the unit circle. Although the projections Pi and P 2 have singu- 
larities at z = ±1 at which points S 2 is zero, the function (5.52) is continuous 
at these points. The line segment joining (0, 0) with (0, 1) in 7 (A) is produced 
by the singularities of the spectral projections Pi,P 2 on the unit circle. 

In this section, we show that this is a general phenomenon, that is, the 
joint spectrum 7 (A) of two simultaneously upper triangularisable matrices 
A = (Ai, A 2 ) with real spectra is contained in a set of line segments joining 
points belonging to a(Ai + iA 2 ) considered as a finite set in Of course, 
if the matrices Ai,A 2 actually commute, then 7 (A) is a finite set equal to 
cr(Ai -I- iA2). 

If Ai and A 2 are simultaneously upper triangularisable, then there exists 
a pair D = (P>i, D 2 ) of diagonal matrices I?i, D 2 with real entries such that 

P{A,i) = P{n,0 , for all ^ e 

and a{Di + iD 2 ) = <t(Ai -|- zA 2 ), for we may simply put Dj equal to the 
ordered diagonal entries of TAjT~^, j = 1,2, for any matrix T that puts 
both Ai and A 2 into upper triangular form. An appeal to equations (5.7) and 
(5.19) establishes that 

N—1 N—k—1 j / 

= E E E(-iT“(f„ 

k—0 j— 0 m—0 ^ 

x{A,V)'^^N-j-k-i{{A,W)){W (5.54) 

Here /rr) is the image of the uniform probability measure on the unit 
sphere Aat of by the numerical range map u 1 — > {{Diu,u),{D 2 U,u)), 
u G Sm- As argued in the proof of Proposition 5.4, the measure y/j is just 
the image of the normalised Lebesgue measure a on the unit {N — 1) simplex 
A^v-i = {w G : Wj > 0, J2f=i '^3 = 1} fo by the linear map 

N 

Tuw = w G 

3=1 

where Aj = (Aij, A 27 ) for j = 1 , . . . , and Di = diag (A 14 , . . . , Xi^n) and 
D 2 = diag (A 27 , . . . , A 2 ,at). 

We look at the measure fin more closely. 

5.4.1 Disintegration of Measures 

Let A AT be Lebesgue measure on . Lebesgue measure on an m-dimensional 
hyperplane Hm in is denoted by Xh^- Suppose that T : ^ 



) 1 

J {N — 1 — j + m)l 




5.4 Simultaneously Triangularisable Matrices 107 



is a continuous linear map of rank two. Let 17 be a Borel subset of 
with finite AAr-measure. Then there exists a disintegration of the measure 
space (17, ,B(17), Aiv) with respect to the map T and the measure space 
A 2 ), that is, 



Xn {E n (T-i(B))) = f X 2 (dx), (5.55) 

JB 

for all E G ,8(17) and B G 8(R^). Here Hx is a finite Borel measure for each 
X G and x 1 — > t^x{E), x G is a Borel measurable A 2 -integrable function 
for each E G 8(17). 

By the Fubini’s theorem, the measure valued function x 1 — > gcx, x G 
is given by the formula 

gix{E) = cXt-^(x) (T~^{x) n E) , for almost all x G 

for each E G 8(17). Here dim(kerT) = N — 2 and Xt-^(x) is {N — 2)- 
dimensional Lebesgue measure on the (iV— 2)-dimensional hyperplane T~^{x). 
The constant c is calculated as follows. The linear mapping Tq = T|(kerT)-*- 
is an isomorphism of (kerT)-*- in onto Then maps a rectangle B 
of area X 2 {B) in into a parallelogram of area Idetlri) ! in (kerT)^. 

Applying Fubini’s theorem to the case that 8 is a rectangle in an orthonor- 
mal basis for (kerT) 0 (kerT)-*-, the equality 



fJ'x{E) 



>^t-^(x){T ^{x)nE) 
|det(To)| 



(5.56) 



holds a.e., so it follows that c = 



5.4.2 The Image of Simplicial Measure 



The behaviour of fan, is illustrated by a simple calculation. 

Example 5.32. Let a = (1,-1,— 1,1) and b = (1,1,— 1,-1). If Z \3 is the 3- 
simplex, then the substitution ,^1 = t\, ^2 = ^ 2 , Ca = ^ 3 ) C 4 = 1 ~ f 1 ~ ^2 — fs, 
maps As into the set 

83 = {t G ^ 0, ^2 ^ 0, ts > 0, 8 0 ^2 + fs ^ 1 } 

and the linear map ^ 1 — > 4 ^j) becomes the affine map T(a.b) : 

^ defined by 



r'(a,b)(8, 8, 8) 



^(Oj — 04)8 0 04 , ''^{bj — 64)8 0 



0=1 



1=1 




0 -2 -2 
2 2 0 
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Hence 





+ span 




Then A^-i (a;)(T'ja H E^) is the length of all t £ b)(^) 

the four inequalities ti > 0 , t 2 > 0 , is > 0 and ti + ^2 + ts < 1 are satisfied, 
that is, -\/3 times the length |/(a;)| of the interval I{x) of all A G M satisfying 



0 < 5 X 1 + i ^2 + A 
0 < — 5^1 T ^ — A 
0 < A 
5 X 2 + ^ + A < 1 



(ti > 0) 

(t2 > 0 ) 

{ts > 0 ) 

(tl +^2 + ^3^!) 



In the set T(^a,h)E 3 = {|a;i| < 1, \x 2 \ < 1} there are 4 regions corresponding 
to where the inequalities 



A < I - |a;i (t2 > 0) 

A < 2 - 2^2 (ti + t 2 + ts < 1 ) 



(5.57) 



and 

— ^xi — 5 X 2 < A (ti > 0) 

0 < A (t 3 > 0) 

are satisfied, namely 



(5.58) 



for which 

Ri 

R 2 

Rs 

R 4 



Ri = {x £ T(a.b)-E '3 : X 2 > |a;i|}, 
R2 = {x £ T(a^h)Es : Xi > \X2\}, 
Rs = {x£ T(a,b)-E 3 : X2 < |a;i|}, 
R4 = {x £ T(a,b)£^3 : Xi < \X2\}- 



0 < A < I - ix2, 
0 < A < 2 — 2 ^ 1 , 

— Axi — |x2 < A < I — |xi, 

— — |x2 < A < I — |x2. 



|/(a:)| = i - ix2, 

l^(a^)l = 2 “ 

|/(a:)| = I + 1x2, 
\I{x)\ = 1 + ixi. 



The example is generalised in the following statement. 

Proposition 5.33. Let N >3 and for every a, b G let T(a,b) : ^ 

be the linear map defined by 



T(a.b )(6 



N 

i=i 



^ G K^. 



Suppose that a, b G and the linear map T(a_b) has rank two on the linear 
subspace o/K^ spanned by A^-i. 
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Then there exists a continuous, homogeneous, piecewise polynomial function 
(xi,X 2 ,t) I — > f{x\,X 2 , t) of degree N — 3 such that 

t’^~^\N-i n = J f(xi,X2,t)dx 

for every B G ,B(T(ja,tb)^Af-i)- The gradient x i — > {Vxf)(x, f) of f is possibly 
discontinuous on the union 

IJ {t.co{{aj,bj),{ak,bk)}} 

l<j<k<n 



of line segments. 

Proof (Sketch). We just write T for the linear map ^(a.b)- Then T~^{x) is an 
{N — 2)-dimensional hyperplane in for each x G Suppose first that 

Condition 1. (aj,bj) yf (ai, b[) for j yf I and no three distinct points {aj^ , bj^), 
{aj 2 , bj^), , bj^) are colinear. 

(k') 

Let L\)y_i be the complex of fc-simplices belonging to So, if s is a 

(k') 

/c-simplex belonging to then there exist distinct indices j\, . . . ,jk+i G 

{1, . . . , n} such that 



fc+i 



= < ^ G Am-i ■}Xji = ^ 



1=1 



( 2 ) 

Under Condition 1, the restriction of T to any 2-simplex s G Af;_i has rank 2, 
otherwise the image of s by T would be a line or point. Hence, the restriction 
of T to s is one-to-one. It follows that T“^(a;)ns = (T|s)“^{a;} is either empty 
or a single point. 

Because each 2-simplex belonging to lies in a bounding plane of 

Z\at-i, every element of T~'^{x) n is an extreme point of the convex 

set T~^{x) n Z\iv-i and 

T~^{x) n An -1 = CO (t~^{x) n 

For each x G TAn-i, let P{x) be the set defined by 

P{x) = n{Ts : s G T~\x) C s yf 0}. 

Then x G P{x) and P{x) is either a closed convex polygon in a line 
segment or P{x) = {a;}. The convex region T An-i is the closure of the union 
of finitely many open polygons P{x)° with x G TAn-i. 

Write Afc for fc-dimensional Hausdorff (surface) measure. According to for- 
mulae (5.55) and (5.56), it is enough to show that 
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Lemma 5.34. Let a € TApf-i. Suppose that the interior P{a)° of P{a) is 
nonempty. Then the function 

Pa : X I > \n-3{T~^{x) n Z\iV-l) 

is a homogeneous polynomial of degree N — 3 plus a constant for all x G P{a)° . 
If b G TAfq-i, P{b)° 0, P{a)° ^ P{b)° and P{a) n P{b) contains a line 

segment, then the polynomials Pa and pb have distinct homogeneous parts. 
Moreover, Pa = Pb on P{a) n P{b). 

Proof. By Condition 1, T~^{x) intersects each s G at most once. Sup- 
pose that {si, . . . ,s;} is an enumeration of {s G ^jv-i • C s yf 0}. 

Then {s G : T~^(x) n s yf 0} = {si, . . . , s;} for all x G P{a)° . 

Define the maps fj : P{a)° by T~^{x) fl sj = {fj{x)}, for every 

j = 1, . . . ,l and X G P{a)° . Then fj, j = 1, . . . ,l are affine functions and 

T~^{x) n An -1 = CO (t~^{x) n = co(/i(a ;), . . . , fi{x)) 

for all X G P{a)°. Furthermore, TAn-i has nonempty interior, so T~^{x) n 
An -1 is a bounded convex subset of an (N — 3)-dimensional hyperplane in 
and 



Xn-3{T ^{x) n An-i) = Xn-3{co {{fj{x) = /})) 

for all X G P{a)°. Each function (x,t) i — > tfj{x/t), j = l,...,l is linear in 
(x,t). It follows that (x,t) I — > t^~^XN- 3 {T~^{x/t)r] An-i), is homogeneous 
polynomial of degree N — 3, so that Pa{x) is a homogeneous polynomial of 
degree N — 3 plus a constant for all x G P{a)°. The polynomials Pa and pb are 
distinct, because as x moves across P{a) n P{b) the point T~^{x) C s moves 
across ds into another simplex s' . Consequently, the coefficients of the affine 
functions fj : P{a)° — > R^ and fji : P{b)° R^ that define the extreme 
points of T~^(x) n An -1 change, but Pa = Pb on P{a) C P{b). □ 

If Condition I is not satisfied, then by perturbing the coefficients, we obtain 
the limit of homogeneous polynomials of degree N — 3. □ 

5.4.3 Joint Spectrum of Triangularisable Matrices 

According to Proposition 5.33, if > 3, the probability measure pt£> is ab- 
solutely continuous with respect to two dimensional Lebesgue measure and it 
has piecewise polynomial density of degree — 3 in regions bounded by the 
set U{co({A, ^}) : X,fi G <j{Ai + M 2 ) }. It follows from formula (5.54) that 
the distribution Wa is a differential operator of order A^ — 1 in (V, dt) acting 
on the distribution pito at t = 1 . Regions where pD has a polynomial density 
with respect to Lebesgue measure on lie outside the support of Wa, so 
that 
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7(A) C [J{co({A, ^}) : A, ^ G (t(Ai + 1 ^ 2 ) }. 

More precisely, we have 

Theorem 5.35. Let Ai, A 2 he simultaneously triangularisahle {N x N) ma- 
trices each with real spectrum and set A — (^ 1 ,^ 2 ). Then a{{A,^)) C M for 
all G and on identifying C with the inclusion 

7 (A) C [J{co({A, n}) : A, /i G cr(Ai + iA 2 ) } 



holds. 

Proof. Let T>{Ai) = diag(a), T>{A 2 ) = diag(b) be the diagonal matrices corre- 
sponding to Ai and A 2 . If IV > 3 and a, b satisfy the conditions of Proposition 
5.33, then the argument above works. If fV = 1, there is nothing to prove. If 
N = 2, then T(a.b) c^m only have rank one on span(Ai). If T(^a.h) has rank 
one on span(AAr_i), then points of cr(Ai -|-zA 2 ) are colinear and from formula 
(5.54), 7 (A) c co((t(Ai -I- zA 2 )). □ 

The inclusion of the line segments co({A, yi}) for A, /x G cr(Ai-|-zA 2 ) depends 
on whether or not the spectral projections of (A, s(z)) have singularities on 
|z| = l. 



5.5 Systems of Matrices 

Let n be an even integer and A = (Ai, . . . , A„) be an n-tuple oi N x N 
matrices satisfying the spectral condition (5.9). The purpose of this section 
is to outline a general method for establishing that a point x G K" belongs 
to the joint spectrum 7 (A). In the case of two hermitian matrices, we have 
already seen that the geometric condition provided by equation (5.28) ensures 
that a; G lies outside joint spectrum 7 (A). 

Roughly speaking, the approach of Atiyah, Bott and Carding [11] is inter- 
preted in the present matrix setting, and we see that the detailed explanation 
given in Section 5.3 for the fundamental case n = 2 may be generalised by us- 
ing the appropriate tools from algebraic topology. The case for n odd requires 
additional arguments and is omitted from the present discussion. The presen- 
tation of this section is based on the summary of the Herglotz-Petrovsky-Leray 
formulas [11] given by Y. Berest in [17]. Another brief account is given in [41, 
Section 12.6]. 

A general element x = (xq, xi, . . . , x„) of will be written as a; = 

X -\- XoCo with X = Because n is assumed to be an even integer. 



s {{xl — A, s) — xqs) "ds = 0 



S '— 1 
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and the plane wave decomposition (4.16) for the Cauchy kernel is 



G,{A) 



Wa{G,) 



(n — 1)! 
2 




n 

sgn(xo) 



X 



({xl — A, s} — xqs) " ds, 



5„-i 



(5.59) 



for X e with xq yf 0. For ease of notation, an element xl of £(„)(C'^) 

for X e C(„) will often be written as x. Because x i — > Gx(A) is actually 
the monogenic representation of the Weyl calculus Wa off K" [19, Definition 
27.6], we have 

Wa = lim G,+,eo(A)-G,,_,eo(^) (5.60) 

e^0+ 

in the sense of distributions. Consequently, if the limit on the right hand side 
of equation (5.60) exists uniformly for all a; in a neighbourhood of a point 
a G R" and is zero there, then a lies outside the support of the matrix 
valued distribution W{A), that is, a G y(A)°. We shall seek conditions which 
guarantee that the limit 



lim [ {{xl — A, s) — es) + {{xl — A, s) + es) ds (5.61) 

e^0+ J 

gn-l 

exists uniformly and is zero for all elements x of an open subset of M" . 

For the case n = 2 considered in Section 5.3, the integral (5.61) was cal- 
culated in an elementary manner by converting it into a contour integral and 
actually computing the residues associated with the spectral representation 
of the hermitian matrix (A, s). 

As we move to higher dimensions in this section, we see that it is not really 
necessary to perform the explicit calculation of residues. Moreover, as seen in 
Example 5.31, if A = (Ai, A 2 ) is not a pair of hermitian matrices, then the 
eigenprojections associated with the matrix (A, s) may have a singularity at 
So G if Zq = So is an exceptional point of the holomorphic matrix valued 
function 2 ; 1 — s- (A, s( 2 :)), z G C \ {0}, see [65, Theorem II. 1.8]. This accounts 
for the appearance of line segments in 7(A) in Example 5.31, excluded in the 
case of hermitian matrices by Rellich’s Lemma 5.13. The exceptional point so 
corresponds to a ‘double tangent’ of the Kippenhahn curve G(A), so we ex- 
clude such points by examining the behaviour of the characteristic polynomial 
of the matrix (A, for all ^ G M". 

Let 



P^{Co, Cl) ■ ■ ■ ) Cn) — det(Co4 -I- Cl^l + • • • + CnAn) 
= T(A,c)(“Co), 
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for all C G with the representation C = Coeo + C> C G C". 

Let KP” be real n-dimensional projective space. Then 

H(A)= :a :•••:?«) GRP” I Cl, ••• ,en) = 0} (5.62) 

is an algebraic hypersurface. Identifying elements of KP" with lines in 
let r{A) denote the open connected component of containing cq. 

The convex cone r{A) in K"+^ is called the hyperbolicity cone of A. The trace 
of the dual cone of T(A) on the set Xq = 1, referred to as the propagation set 
of A, is the given by 

K{A) = {cc e M” I (eo + a;, C) > 0, e r{A) } . (5.63) 



In the case that n = 2 and A = (Ai, A2) is a pair of hermitian matrices, 
then the result of Kippenhahn mentioned in Section 5.3.1 ensures that the set 
K{A) can be identified with the numerical range of the matrix A = Ai + iA2- 

A localisation of at ^ G R”+^, is the lowest nonzero term of the 
polynomial 

t ^ P^(^ + tC) = tf^^PtiC) + 0 {tf^i+^) , = deg Pf . 

At this stage, we need to take into account that the homogeneous polyno- 
mial P^ may not depend on all variables in C"+^. For example, one of the 
matrices Aj could be the zero matrix. 

The real lineality A{A) of A, is the maximal linear subspace of such 
that the restriction of the quotient K"+^/A(A) is again a polynomial. 
Then A{A) coincides with the edge of the hyperbolicity cone P{A), so that 
P + A = P, and K{A) spans the intersection of its orthogonal complement 
A-*- (A) in with the plane xq = 1. 

The system A is called complete if A has a trivial lineality. In this case, 
P^{C) = P^iC) implies ^ = 0, the cone P(A) is proper (peaked) in the 
sense that P(A) does not contain any straight lines, and then K{A) has a 
non-empty interior K°{A) in M". 

Let A and ^ G K"+^ be fixed. Consider the localisation P^ of P^ at 
The local hyperbolicity cone and the local propagation set of P^ at ^ are 
defined by by setting, respectively, 

P^(A) := P(Pf ), K^{A) := K{P^) . 

Here the polynomial P^ has been replaced by P^ in the definitions (5.62) 
and (5.63). A similar notation is used for the real lineality A{P^) of the 
polynomial P^. 

Clearly, P^{A) D P(A) and, hence, K^{A) C K{A) for all ^ G More 

precisely, the mapping (^, A) 1 -^ A^(A) (and (^, A) 1 — > K^{A)) is inner (resp., 
outer) continuous in the sense that P^(A) n P|(A) (resp., K^{A) U K^{A)) is 
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dose to r^{A) (resp., K^{A)) when (i,A) is dose to (^, A) with G M”+^ 
and A, A satisfying condition (5.9). 

The wave front surface W {A) of the system A of matrices is generated by 
the union of local propagation cones: 

W{A) ■= y K^{A) . (5.64) 

The continuity result mentioned above facilitates the generalisation of the 
results of Section 5.3 to the higher dimensional setting. 

When A is complete, that is, A{A) — {0}, the wave front surface W{A) 
is a closed semi-algebraic part of the global propagation set K{A) containing 
its boundary. More precisely, 

dK CW C KOS' , 

where S' := IJ A-^(P^) n ({1} x M”) , ^ S K"+^ \ {0}, is a real dual of the 
hyperbolic hypersurface S. If S’ is regular outside the origin, every nonzero 
f G S' admits only a one-dimensional space A-^{P^) of real normals, n^{A) := 
dimd-’~(P^) = 1, the intersection of it with the hyperplane {a;o = 1} being 
K^[A). In that case, we have the equality W = K S' . Otherwise, when S 
has singular points ^ yf 0 with normals of a higher dimension, n^{A) > 1, the 
surface W may be strictly smaller than K (1 S' . However, codimlT(A) = 1 in 
any case, since f G A(A^) and, hence, each K^(A) in (5.64) has the property 
that the set cq -I- K^{A) lies in a proper affine hyperplane normal to ^ yf 0. 
Note also that, unlike S' , the set W{A) depends on A (outer) continuously. 

For incomplete polynomials P^ with A{A) y^ {0}, the wave front surface 
W{A) equals K{A), as P^{C) = for each ^ G A{A). 

The following matrices were considered in Example 5.31. 

Example 5.36. Let Ai = and A 2 = • Then ^{A) = {0} x [0, 1]. 

For ^ G and f G we have 

P^(f + t() = det ((^0 + i(o)^ + ^i(Ci + fCi) + ^ 2(^2 + 1 ( 2 )) 

= ('Co + fCo)(Co + + C 2 + 1 ( 2 ) 

= 'Co(Co + C 2 ) + i(2(ofo + C 0 C 2 + C 0 C 2 ) + f^Co(Co + ( 2 )- 

The polynomial P^(f) does not depend on the variable for ( = (Co, Ci) C 2 ) G 
K^, so it is not complete. The following cases obtain for the localisation P^ 
of P^atfG C 0. 

a) P^ has degree zero: 

Co(Co + C2)y^0, P|^(C) = Co(Co + C 2 ) 

S(P|4) = 0, r(P|^) = K(Pf^) = 0. 
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b) has degree one: 

6 = 0, 6 0, P|^(C) = 6Co 

s{Pt) = {Co = o}, ) = {Co > 0}, K(pf) = 1(0,0)}. 

Co = -6 7 ^ 0, P/^(C) = C 2 (Co + C 2 ) 

) = {Co + C 2 = 0}, ) = (Co + C 2 > 0}, x(P|^) = 1(0, 1)}. 

c) P^ has degree two: 

Co = C 2 = 0, Cl 0, Pf (C) = Co(Co + C 2 )Ci = ^^(C)Ci 
S{P^^) = (Co = 0} u (Co + C 2 = 0}, 
r{Pt) = (Co + C 2 > 0 , Co > 0}, 

K{P^^) = {{0,^^)\0<^i<l}. 

Thus, we see that in the last case, K{P^) = 7 (A) = W(A). We would get 
the same result for diagonal parts of the matrices Ai, A 2 . The polynomial P^ 
cannot detect whether or not A\ and A 2 are hermitian. 

To find an example in which K{A) yf 7 (A) = 1T(A), we look at two (3 x 3) 
upper-triangular matrices. 

/I 1 0 \ /O 1 0 \ 

Example 5.37. Let Ai = j 0 0 1 j and A 2 = j 0 0 1 j and A = (Ai, A 2 ). The 

\0 0 0 / \0 0 1 / 

simplex in bounded by the coordinate axes and xi -I- X 2 = 1 is denoted by 
A. A calculation, explicitly given in [43, Example 4.3], shows that 

, . Al,0) +92)(X[0,1] ®^o) (dl + d2fxA \ 

(27t)-2 = 0 5(0,0) (9i + a2)(5o«>X[o,i]) • 

V 0 0 ^( 0 . 1 ) / 

The joint spectrum 7 (A) is therefore the boundary of the simplex A. In ac- 
cordance with [11, Example 10.6] and Theorem 5.35 above, the interior points 
of A lie in the complement of 7 (A). 

For C = (Co,Ci,C 2 ) G and C = (Co,Ci,C 2 ) G C^, we have 

P^(C + K) = det ((Co + Ko)I + Ai(Ci -I- tCi) + Gl 2 (C 2 + K 2 )) 

= [Co + ^Co][(Co + Cl) + t{Co + Ci)][(Co + C 2 ) + t{Co + C 2 )]- 
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Using the notation and C' = Co + Cj for j = 1 , 2 , we obtain 

+ to = OO1O2 + {C0O1O2 + C1OO2 + C2O0i)t 

+ (CoClC2 + C0C2C1 + C2ClCo)i^ + CoClC2^^- 

The following cases hold for the localisation of at C G C 7 ^ 0 - 

a) P^ has degree zero: 

C0C1C2 7^ 0 > ^I^(C) = ■?oCiC 2 

S{P^) = 0 , P{P^) = K{P^) = 0 . 



b) P^ has degree one: 

Co = 0 , Cl 7 ^ 0; C 2 ¥= 0> = C 1 C 2 C 0 

S{pf) = {Co = 0}, T(Pf ) = {Co > 0}, K(Pf) = 1(0,0)}. 

Co 7 ^ 0, Cl = 0, C 2 7 ^ 0, pf (C) = CoC 2 (Co + Cl) 

^(Pt) = {Co + Cl = 0}, P(Pf ) = (Co + Cl > 0}, K{P^^) = 1(1, 0)1 

Co 7 ^ 0, Cl 7^ 0, C 2 = 0) PtiO = CoCi(Co + C 2 ) 

) = (Co + C 2 = 0}, P(Pf ) = (Co + C 2 > 0}, X(P|^) = 1(0, 1)1 

c) P|^ has degree two: 

Co = Cl = 0, C 2 7 ^ 0, Pf (C) = Co(Co + Ci)C 2 
S(P|^) = {Co = 0}U{Co + Ci = 0|, 

P(Pt) = {Co + Cl > 0, Co > 0}, 

^(^f) = {(M,0)|0</i<l}. 

Co = C 2 = 0, Cl 7 ^ 0, pf (C) = Co(Co + C 2 )Ci 
^(^|^) = {Co = 0}U{Co + C 2 = 0|, 

P(Pt) = {Co + C 2 > 0, Co > 0}, 

K{P^^) = {{0,^i)\0<^i<l}. 
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Co 7^ 0, a = 6 = -Co, ptio = Co(Co + Ci)(Co + C 2 ) 

^(Pf^) = {Co + Cl = 0 } u (Co + C2 = 0}, 
r{Pt) = {Co + Cl > 0, Co + C2 > 0 }, 

Thus, we see that in case c), 7(A) = W{A). Again we would get the 
same wave front set W{D) for the diagonal parts D of the matrices Ai, A2, 
but 7(D) would be the finite set {(0,0), (0,1), (1,0)} = a{Ai + 1 A 2 ) of 
its extreme points. A similar calculation of W(A) can be made for any two 
upper triangular matrices Ai, A 2 with real eigenvalues such that a{A\ + 1 A 2 ) 
consists of three distinct points. 

First a representation similar to (5.36) is obtained for the limit (5.61). 

Let M"+i:= K" \ {0}. Given a point x G R", the symbol X stands for a 
real hyperplane in R"+^ dual to the point eg + x € in the remainder 

of this section. The complex counterpart Ac of A is given by Ac := { C G 
C"+i I (eo + a;,C) = 0}. 

For each x G R", we define a family 53 = ^(x,A) of C^-smooth real 
vector fields v : R"+^^ R"+^ such that for each C GR""*"^ : 

(i) u(C)GF 4 (A)nA; 

(ii) v(k^) = |k|u(C) , k GR ; 

(iii) the matrix (Cq3 + (A, (}) is invertible in £(C^), when C = C i *'i’(0- 

Lemma 5.38. If x ^ W{A), then the family 53(ai, A) is not empty, and 
any two elements of it are homotopic, i.e. may he deformed one into another 
through a C°° -mapping [0, 1] — > 53 within the family 53. 

Proof. In view of definition (5.64), the point x G R" belongs to W{A) if 

o 

and only if {eg + x,Pf) > 0 for at least one point C GR"“*"^. Hence, x ^ 
W (A) implies the existence of vectors ryip in P^{A) such that {rj - , eg + £c) <0 
while (7+, eg + a?) > 0, and then, by convexity, P^{A) n A is not empty for 

o 

any f gR"“*'^. Further, the homogeneity property {ii) is consistent with (t), 
since the local cone P^{A) = P{P^) depends on the double ray R^ only. 
The condition {Hi) is achieved by taking the elements v{^), satisfying {i) 
and {ii) with |u(^)| small enough when |^| = 1. The homotopy of 53 follows 
essentially from the inner continuity of the mapping {^, A) 1— > P^{A) (see [11], 
Lemma 6.7). □ 

Let 7(^) = 1^1 for ^ G R"“*'^. Consider the integration chain 

7- ^ G R”+^ I 7(6 = 1 } C R”+i . 

We assume 7'^ has the standard orientation. 
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Following [11], we define the smooth ‘complex shift’ map for v G 2J(a;, A) 

by 

cr(x, v) : C”+i , C ^ ^ - zv(^) , (5.65) 

and consider the image of the chain 7"^ in under (5.65): 

a(x,v;j'") := Imo-[7'"] C C”+^ . 

The next step is to associate with the family 5J(a;, A) certain cycles in the 
complex projective space and to rewrite the right-hand side of the limit (5.61) 
as rational integrals over them. 

For X = xoBo + X G K”+^, let Sc(x) denote the set 

{ C G I ((Co-f + (A, C)) - xo(I) is not invertible in £(„)(C^) }. 

Here ( G has been written as C = Coeo -I- C for ^ G C". 

If [/ is a subset of set Sc(U) = (J^gt ■^c(a^)- 

Lemma 5.39. If x ^ W{A), then for every v G V(x,A) there exists a neigh- 
bourhood U 0/(0, x) in such that <j{x, v; 7"^) with a change of orientation 
at (co -I- a;, ^) = 0 is o relative cycle of the pair 

(C"+1 \ Sc{U),Xc \ {Xc n Sc{U))) . 

Let V G 2J(a;, A) and let U be an open neighbourhood (0,®) in 
satisfying the conditions of Lemma 5.39 and let a{x,v,^"^) be the (n — 1)- 
cycle 

^GXny^, (5.66) 

in Xc, with the orientation of the boundary of the half sphere 

{^G^" I (eo + a:,e) <0}. 

Then a{x, v, 7"") is an (n— l)-cycle on C”+^\S'(C/) and Ac \ (Ac n He ([/)). 
and it can be identified with I times the boundary of cr{x, v; 7"^) with a change 
of orientation at (cq -I- a:, ^) = 0. 

Since the mapping ^ u(^) is absolutely homogeneous (of degree 1), it is 

relevant to project a{x,v,^"") onto CP”: 

a(a;, v; 7"^)* := Im7r[a(a;, v; 7^^) ] (5.67) 

via the canonical surjection tt : \ {0} ^ CP" . Let H|^(a:) stand for the 

projective image of Sc(x) in CP" and for a subset U of set Hp(C/) = 

H'c(a;). Similarly, the projective image of Ac in CP" is written as A,^ 
The homology class [a*{x)] G iL„_i(CP" \ ^efU ) ; C) is locally indepen- 
dent of a: G K" \ W{A). 
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Let 7To : CP" ^ CP" ^ be the linear projection 

(Co : Cl : • ■ • : Cn) ' (Cl : ■ ■ ■ : Cn) 

and set [!3*{x)] = 7To[a*(a;)]. Then 

[r(a^)] G i?„-i(CP"-i\^o^at^);C). 

o 

Let (3{x,v;j"") C" be a representative of the cycle (3*{x). Since 

the family 2J(ai,A) is one homotopy class, the homology class [I3*{x)] in 
iL„_i(CP"“^ \ TTo (S’i^(ai)) ; C) does not actually depend on the choice of 
V e QJ(a;, A). 

Let u;(C) be the Kronecker (n — l)-form 

n 

uj{C) := (-1)'="^ C'" rfC^ A • • • A A A • • • A dC” . (5.68) 

fc=i 

Proposition 5.40. Let x ^ W(A) and v € ^(x, A). Then the limit (5.61) is 
equal to 

I (a;/-A,C)-”a;(C). (5.69) 

/5(x,p;7~) 

Proof (Sketch). By Stoke’s theorem, there exists an open neighbourhood 
of (0, x) in M"+i such that the difference between 



J {{xl — A, s) + es) " + ((a;/ — A, s) — es) " ds 

5„-i 

and 

i J ((ai/-A,C) + eC)"” + ((ai/-A,C)-eC)"”w(C) 

/3(£c,d;7~) 

can be written as 

i J {{xI-A,0 + e0-^ + {{xI-A,0-e0-^u;{0 (5.70) 

/3e(x,v;j~) 

for a properly oriented G id„_i(CP"“^ \ TToEif-{Ue); C). As e ^ 0, the 
integral (5.70) converges to zero. □ 

Notice that for upper-triangular matrices, W{A) consists of C(A) plus 
‘double tangents’ inside K{A), see Example 5.36 above. 

The integrand in the right-hand side of (5.69) has the form F{C() cj, where 
P(() is a rational function in ( homogeneous of degrees —n. Such a differential 
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form is invariant under coordinate changes Q /(C) Cj and, hence, is a 
pull-back of a differential form on CP"~^ under the canonical projection tt : 
C”\{0}^CP”-\ 

Letting ^ : . . . : denote homogeneous coordinates in CP"“^, we 

get from (5.67) and (5.69) 



I (a;/-A,C)-”a;(C) (5.71) 

0*{x) 

where P*{x) is an absolute Petrovsky cycle induced by cr(a;), and o;(C) is the 
Kronecker form on CP”“^ given (in terms of homogeneous coordinates) by 
(5.68). 

Moreover, corresponding to the point x G K"\1P(A), from equation (5.60) 
we have 



W„(*) = (-l)”/2<!^ I (5.72) 

/3*(x) 

The integral (5.72) depends only on the homology class [l3*{x)] of the cycle 
f3*{x) in i7„_i(CP"“^ \ 7ToS'c(£c) ;C), since its integrand is a closed form of 
highest degree holomorphic on CP"“^ \ tto1^c{x) . 

Theorem 5.41. Let n he a nonzero even integer, A an n-tuple of {N x N) 
matrices satisfying the spectral condition (5.9). If a G K" \ W(A) and for all 
points X in a neighbourhood U of a in K" we have 

E^{x) c KP”, (5.73) 



then a G 7 (A)°. 

Proof. If condition (5.73) holds for x G M", then [(3*{x)] = 0 in 
/7„_i(CP"-i\7To(S£(aj)) ;C), 
so Wa{x) = 0 and x G ^{AY, by equation (5.73). □ 

In view of the examples considered so far, it is plausible to propose the fol- 
lowing 

Conjecture. Let n he a nonzero even integer, N > n + 1 an integer and A 
an n-tuple of {N x N) matrices satisfying the spectral condition (5.9). Then 
the set t(A) n W {AY is the complement in M" \ W (A) of the set of all points 
in a neighbourhood U of which 



[f3*{x)]=0 



(5.74) 



for all X gU . 
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It follows from formula (5.23) that a point a belongs to K"\(Vb(A)U 7 (A)) 
whenever equation (5.74) holds in a neighbourhood of a. In Section 5.3, we 
saw that equation (5.73) is necessarily satisfied in a neighbourhood of points 
outside 'y(A) for the case of hermitian matrices and n = 2, see equation (5.28). 
It then follows that (5.74) holds for points belonging to W{AY, but outside 
7(A). 

The conjecture can be paraphrased by saying that condition (5.74) de- 
termines all open parts of the complement of the joint spectrum 7 (A) of A, 
because W(A) has codimension one in K" if A is complete. In higher di- 
mensions, the necessity of condition (5.74) in certain special cases is not so 
straightforward and relies on deep results in algebraic topology [12]. For sys- 
tems A of upper triangularisable matrices with real spectra, conditions (5.73) 
and (5.74) are valid outside the wave front surface W{A). 




6 



The Monogenic Calculus for Sectorial 
Operators 



Up until this point, only a functional calculus for systems of matrices or, more 
generally, bounded linear operators Ai, , A„ acting on a Banach space X 
has been considered. Many of the techniques can be generalised to an n-tuple 
A = (Ai, . . . , An) of densely defined operators such that for each ^ e M", the 
operator is densely defined and closable and its closure 

has real spectrum. Well-known examples from quantum mechanics show that 
care must be exercised in forming the sums of unbounded operators. 

Rather than assume that the operator ii^s real spectrum, we 

will suppose that X is a Banach space, the spectrum is contained in a dou- 
ble sector of the complex plane centred at zero and containing the real axis, 
and certain resolvent estimates for satisfied near the boundary 

of the sector. Of course, this also extends the class of bounded linear opera- 
tors or matrices for which the monogenic calculus is applicable. Under these 
assumptions, we can form functions f{Ai, . . . ,An) G ^{X) of the operators 
Ai,.. ., An in the case that / is monogenic in a sector in K"+^ and has decay 
at zero and infinity, so that the associated Riesz-Dunford integral converges. 
For functions of this type, there is an associated bounded holomorphic func- 
tion / defined in a corresponding sector in C" such that / and / are equal on 
M” \ {0}, so it make sense to set f{Ai , . . . , An) = f{Ai , . . . , An). 

In the case that X = Ti. is a Hilbert space, additional ‘square function’ 
estimates ensure that we can form functions f{Ai,...,An) G of the 

commuting operators A\, . . . , An in the case that / is an iJ°°-function defined 
in a sector in C". 

The significance of this result comes from problems in real-variable har- 
monic analysis. In the one dimensional case, the momentum operator P = ^4- 
is selfadjoint in L^(R). The bounded linear operator sgn(P) is defined by the 
functional calculus for selfadjoint operators. But sgn(P) is also the operator 
of convolution with respect to the distribution ^ i — > sgn'(— because of the 
identity {sgn{P)u)X^) = sgn(^){((^) for u G T^(R), that is, the operator sgn(P) 
is just the Hilbert transform 



B. Jefferies: LNM 1843, pp. 123-155, 2004. 
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1 

(sgn(P)u)(a;) = 2fp.v. / u{y)dy, m G L^(K). 

J_oo x-y 

So we have the connection between a functional calculus for a single operator 
and singular convolution operators. 

In the case that A\, . . . , An are the (commuting) directional derivatives on 
a Lipschitz surface U, acting in for a certain function / satisfying the 

assumptions, the bounded linear operator f{Ai, . . . , An) : L‘^{S) L‘^{^) is 

the Cauchy integral operator on the Lipschitz surface. The boundedness of 
the Cauchy integral operator is an important step in the solution of irregular 
boundary value problems [66]. 

There are now many proofs of the boundedness of the Cauchy integral op- 
erator and other convolution operators on a Lipschitz surface (see for example 
[72] for a proof using Fourier theory of monogenic functions) . The related ideas 
in this chapter appeal to the general techniques introduced in Chapter 4 for 
forming functions of noncommuting operators. 

In the earlier chapters, the assumption that the spectrum ^j^j) 

is real for all ^ G K" meant that any real-analytic function defined in a 
neighbourhood of the joint spectrum 7 (A) had a unique monogenic extension 
to a neighbourhood of 7 (A) in Without this assumption, some work 

needs to be done to find those real-analytic functions defined on K" \ {0} that 
have a monogenic extension to a suitable sector containing the monogenic 
spectrum 7 (A). This is considered in Sections 6.3 and 6.4 below. 



6.1 The i?°°- Functional Calcnlns for a Single Operator 

We first set down the known results concerning the iL°°-functional calculus 
for a single linear operator A : T>{A) Ti acting in a Hilbert space Ti. The 
domain 27(A) of A is a dense linear subspace of Ti. When we come to consider 
an n-tuple A = (Ai, . . . , A„) of linear operators acting in 71, we can consider 
A = AiCi -I- • • • -I- A„e„ as a single operator acting in 71(„), so a functional 
calculus for A produces a functional calculus for A. 



any 0 < , 


fi < f , set 










S^.+ {C) 


= { 2 : G C : 1 arg. 


z\< {0}, 




-5^+(C) 


(6.1) 


^;+(c) 


= {^GC\{0}: 


1 argz] < y}, 


s;-{c) = 


-^;+(c) 


(6.2) 


^A.(C) 


= 5^+(C)u V 


-(C), 






(6.3) 


s;{c) 


= s;+{c)us;_ 


-(C). 






(6.4) 


0 < to < 


An operator 


A acting in H 


is said to be of type uj+ 


if its 



spectrum a(A) is contained in the sector Suj+{C) and for each fj, > u), there 
exits > 0 such that the bound 



\\{zI-A)-^<CM-^ 



(6.5) 
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holds for all z ^ 5^+(C). Another way of saying this is that for each > uj 
the operator —A generates a bounded holomorphic semigroup for all 

^ e [65, pp. 490-491], 

Similarly, A is of type uj if cr(A) C Si^{C) and for each fi > uj, there exists 
> 0 such that 

\\{zI-A)-^<CM~\ ziS^iC). (6.6) 

For any 0 < ^ | let i/°°(S'°_|_(C)) denote the Banach algebra of uni- 

formly bounded holomorphic functions defined on S'°_|_(C) under pointwise 
multiplication and equipped with the supremum norm over S'°_|_(C). 

The operator A has an H°° -functional calculus over if for every 

fj, > uj, there exists (7^ > 0 and an algebra homomorphism / i — > /(A) from 
i/°°(S'°_i_(C)) into CCH) that agrees with the usual definition of polynomials 
of A and resolvent operators and is such that the bound 

||/(A)||<C^||/||oo, feH^{S;+{C)) 

holds. A similar definition holds for the closed double sectors Suj{C). 

Now suppose that A is a one-to-one operator of type Then A is a 
closed operator with dense domain and range . Given uj < pL < n /2 and a 
function ip G iJ°°(S'°_|_(C)) for which there exists C, s > 0 such that 

zes;^{c), (6.7) 

the operator ip{A) G C{H) is defined by the Riesz-Dunford calculus 

V’(A) = ^^(C/-A)-V(C)rfC (6.8) 

for a suitably chosen contour C inside S'°_|_(C)U{0}, but surrounding Suj+{C)\ 
{0}. The integral (6.8) converges because of the decay of 'ip at infinity and zero 
and the resolvent estimate (6.6). If t > 0 and ipt is defined by the formula 
tpt{z) = P^{tz) for all 2 G S';j+(C), then tpt{A) is similarly defined by the 
Cauchy integral formula (6.8). 

An alternative method for defining ip{A) in the case that ip satisfies (6.7) 
and A satisfies (6.6) for all z G 5'°_|_(C) is given by the formula 

'tp{A) = ^f dtp, (6.9) 

JHe 

where Q < 9 < ^ — p,, Hg \s the contour 

{z G C : > 0, iRz = |9z| tan0} 

in V’ is the Fourier transform of ipX[o,oo)- 

The possibility of extending the definition of the mapping ^p i — > V'(^) 
given by (6.8) to all of H°° {S°_^_{C)) for /x > w depends on the validity of 
square function estimates. The following result is from [71, Theorem 6.2.2]. 
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Theorem 6.1. Suppose that A is a one-to-one operator of type in H. 
Then A has a bounded H°° -functional calculus if and only if for every p,> oj, 
there exists > 0 such that A and its adjoint A* satisfy the square function 
estimates 

df 

/ , u&H, ( 6 . 10 ) 

Hf 

/ \\MA*)ur-<c,\\ur, ueH, (6.11) 

Jo ^ 

for some (resp. every) function G satisfying (6.7) and 

.dt /■“ ,dt , 

= f^\-t)- = l. 

Suppose that the square function estimates (6.10) and (6.11) are valid. 
Then for any b G U°°(S°_f_(C)) the bounded linear operator b(A) is defined 
by the formula 




dt 

{b{A)u,v)= {{bf}t){A)f;t{A)u,'tpt{A)*v)— ( 6 . 12 ) 

for all u,v GH. Then 

mA)u,v)\<snpJ{bi^t){A)\\y^°^ \\MA)urjy ^ 

< C'||&||oo||u|| ||u||, u,vGH, 

and the mapping b i — > b{A) from iJ°°(S'°_|_(C)) into C{H) has the required 
properties [71]. 



6.2 The Cauchy Kernel for n Sectorial Operators 

The idea of using the analogue of formula (6.9) in higher dimensions is pursued 
in [71]. Rather, we are aiming to use the higher-dimensional analogue of (6.8), 
namely 

ip{A) = I Gx{A)n{x)tp{x) dp,{x) (6.13) 

Jan 

for a suitable function holomorphic in higher-dimensional sector and a suit- 
able subset Q of M"+^. The function is a monogenic function canonically 
associated with ip. This association is discussed in Sections 6.3 and 6.4 below. 

The difficulty, as usual, is the definition of the Cauchy kernel x i — > Gx{A). 
If we take the equation 
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Gx{A) = sgn(xo)” ^ 

X / {eo + is) {{xl — A, s) — xosI)~"^ ds. (6.14) 
JS'— 1 

obtained from the plane wave decomposition of the Cauchy kernel as the 
definition of Gx{A), then the convergence of the integral 

/ {eo + is) {{xl — A, s) — xqsI) ^ ds 

Js"-^ 

for particular values of a; = xoCq + a; € is at issue. Now 

{{xl — A,s) — xosI)~^ = {{xl — A, s) + xqsI) {^{xI — A, s)^ + x^l) 

if 0 ^ CT [{xl — A, s)^ + Xq) . Thus, we need to ensure the appropriate uniform 
operator bounds for 



[{xl — A, s)"^ + x^l) s G S'" ^ 

as X = xoeo + x ranges over a subset of 

In the case that a{{A,^)) C K and {XI — {A,^))~^ is suitably bounded 
for all 5 G S"“^ and A G C \ K, then Gxoeo+x(A) is defined for all xq yf 0. In 
the case that cr((A,^)) is contained in a fixed sector for every ^ G S”“^, the 
following assumption is made. 

The set of s G S"“^ with nonzero coordinates sj for every j = 1, . . . , n is 
denoted by Sq“^. Then Sg“^ is a dense open subset of S"“^ with full surface 
measure. 

Definition 6.2. Let A = (Ai, . . . , A„) be an n-tuple of closed, densely de- 
fined linear operators Aj : T>{Aj) X acting in a Banach space X such that 
G^^{D{Aj) is dense in X and let 0 < w < |. Then A is said to be uniformly 
of type oj if (t((A, s)) C S^{<C) for all s G Sq~^ and for each u > uj, there 
exists G^ > 0 such that 

\\{zI-{A,s))-^<CM-\ ziS;{C), sGS--\ (6.15) 

It follows that s I — > (A, s) is continuous on Sq~^ in the sense of strong 
resolvent convergence [65, Theorem VIII. 1.5]. The subset of 5'"“^ is 

used here simply because lT"^j^I?(Aj) may be strictly contained in T>{Ak) for 
k = 1, . . . , n. 

Remark 6.3. By taking adjoints in the case that X is Hilbert space, we see 
that n-tuple of operator A is uniformly of type u if and only if its adjoint 
(A)* = (Aj, . . . , A* ) is uniformly of type ui. 
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Example 6. 4- i) Let A be an n-tuple of selfadjoint (possibly unbounded) op- 
erators acting on a Hilbert space. Let /r > 0. If {A, is selfadjoint for ^ G R”, 
then cr((A, ^)) C M and by the functional calculus for selfadjoint operators we 
have 



\\{zI-{A,^)) i|| = sup \z-x\ ^ 

a:eo-((A,5)) 

forallz^5;(C), ?gR". 

|^ 2 :| smfi\z\ ^ 

Hence, A is uniformly of type to provided that (H, s) is selfadjoint for all 
seS--\ 

ii) Let Ti, . . . ,T„ be n commuting selfadjoint operators acting on a Hilbert 
space EL. Then T = (Ti, . . . ,T„) has a joint spectral measure P : "f{T) 
C(H) and (T, s) is selfadjoint for all s € 5'”“^. Let 0 < u < p. < -k j2 and let 
Q : 7 (r) ^ [— 00 , uj] be a Borel measurable function. Then 



A = 



h(T) 



Jat) I 



is uniformly of type uo, because 



{A,0= [ P^^^Hx,0dP{X) 

J-riT) 

is a normal operator for each ^ G M", a{{A,^)) C S'w(C) for all ^ G R" and 
by the functional calculus for normal operators, we have 



\\{zI-{A,0) 1|| = sup |2-C| ^ 

Cg<t((a,5)) 

1 

- dist (z,5'^(C)) 

<— i forallz^5;(C), eeK". 
sm(/r — Lo) \z\ ^ 



iii) In the following example, we have n commuting operators, each of which 
is of type w > 0, but generally, not selfadjoint. 

Let E = {x X = s + g{s)eo, s G R" } be a Lipschitz surface. Let 



Aju = (eo - Dg) 



d 

^ —u{s + g{s)eo) 



for u G W 2 {E), j = 1, . . . , n. Then {A, corresponds to a directional deriva- 
tive towards ^ G so we obtain the required estimates uniformly in 

e G S^-\ 
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Now suppose that equation (6.15) is satisfied and let z = {x, s) + ixo- Then 
z ^ S°{C) means that | argz| > /r for — |- < argz < § or tt — argz > ^ for 
I < arg z < 7T or 7T + arg z > ^ for — tt < arg z < — Hence, for xo > 0, we 
have Xo > tan^|(a;,s)| and for xo < 0 we have xo < — tan/x|(£c, s)|. 

Definition 6.5. The sector {xoCq + x G : |xo| < tan/i|a:| } in is 

denoted by Let 

iV+ = {x G : X = xoco + x, xq > tan fj,\x\ }, (6.16) 

N~ = {x G : X = xoco + x, xq < — tan ^\x\ } = — iV+, (6.17) 

N^ = N+UN~. (6.18) 

Then iV^ is the complement in R"+^ of the interior S'°(K"+^) of 5'^(K"+^). 

Note that if xoCq + x G then z = {x, s) + ixo ^ «5'^(C) for every s G 5'"“^ 
because either 

Xo > tan fJ,\y\ > tan yt\{x, s) \ 
or 

Xo < — tan/x|y| < — tan/i|(a;, s)|. 

Lemma 6.6. Letco < y < tt/2. Suppose that the n-tuple A of linear operators 
is uniformly of type oj. Then for all xoCq + x G N^, the integral 



/ {{xl - A,s) - XqsI) 
JS"-! 

converges and satisfies the hound 

/ {{xl - A, s) - xqsI) 



£(n)(W) 



ds 



£(n)CH) kol” 



Proof. For every xoeo + x G Nfi, we have z = (x, s) ± ixo ^ S^{C) so that the 
operator {{x, s) ± ix^)! — (A, s) is invertible and the bound 



(((x,s) ±txo)/- (A, s))’ 



< 






a/ {x, s) 2 + Xo 



holds. Now 

{{xl — A,s) — xosI)~^ = {{xl — A, s) + xqsI) ((x/ — A, s)^ + x^l) 



where ({xl — A, s)'^ + XqI) ^ is equal to 

{{{x, s) + ixo)I - (A, s))"^ (((x, s) - ixo)I - (A, s))"^ . 

Writing {{xl — A, s) + xqsI) = {{{x, s) + ixo)I — (A, s)) — ixol + xqsI, we 
obtain 
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{{xl - A,s) - xqsI) ^ = {{{x,s) - ixo)I - {A,s)) ^ 

-ixo{eo + is) ({xl - A^s)"^ + xll) ^ 



so that 

1 / {x, s)2 + Xq 

+ 2Cl 
- I^ol ’ 

from which the stated bound follows. □ 

Thus, xoCo + X I — > Gxoeo+x(A) is defined by equation (6.14) for all xoeo + 
X G Nfj^ with w < /i < 7 t/2. Standard arguments ensure that xqCo + x \ — > 
Gxoeo+x{-A) is both left and right monogenic. If we denote by 7(A) C M”+^ 
the set of all singularities of the function xqCq + x 1 — > G x^eo+xi-A) , then 

7(A) C 5^(M"+i). 

6.3 Monogenic and Holomorphic Functions in Sectors 

In view of Lemma 6.6 and the representation (6.14) for the Cauchy kernel, it 
is apparent that functions tp{A) of the n-tuple A uniformly of type uj can be 
defined by formula (6.13) for left monogenic functions with decay at zero and 
infinity in the sector S'^(K”+^), for some uj < < T^j2. 

In Chapter 3, we were able to form functions ip{A) of A whenever the 
n-tuple of bounded linear operators A satisfies the spectral reality condition 
(4.10) and ip is real-analytic in a neighbourhood of the monogenic spectrum 
7 (A) of A, simply by taking the two-sided monogenic extension of i/' to a 
neighbourhood of 7 (A) in 

In this section, we show that the restriction of a monogenic function / 
defined in a sector in to M" has an analytic continuation / to a corre- 

sponding sector in C". Of course, if the restriction of / to K" takes values in C, 
then so does its analytic continuation. The analytic continuation is achieved 
via the Cauchy integral formula and if / is uniformly bounded on subsectors, 
then so is /. 

The correspondence between bounded monogenic functions and bounded 
holomorphic functions in sectors is completed in the next section where a 
formula deriving / from / is obtained by Fourier analysis. 



{{xl — A, s) — xqsI) ^ 



2 |a:o|Cg 

(a;,s)2-pxg 



6.3.1 Joint Spectral Theory in the Algebra C(„) 

Let ( = (Cl, ■ . ■ , Cn) be a vector belonging to C”. There are two ways to ex- 
amine how C acts on the Clifford algebra C(„). The first, and most natural. 
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is to consider it as an element (Cici + • • • + CnGn) of the algebra C(„). The 
other point of view is to consider C as a commuting n-tuple of multiplication 
operators Q, j = 1, ... ,n, acting on C(„) and this provides the link between 
holomorphic functions defined on subsets of C" and monogenic functions de- 
fined on corresponding subsets of 

The complex spectrum ct(zC) of the element iC. = i(Ciei -I- • • • -I- Cn^n) of 
the algebra C(„) is 

(t(zC) = {A G C : (Aeo — zC) does not have an inverse in C(„) }. 
Following [73, Section 5.2], we check that 

(Aeo + «C)(Aeo - zC) = A^eo - z^C^ = (A^ - |Clc)eo, 



where |Clc = 12'j=iCj- for all A G C for which, A ^ ±|C|C) the element 
(Aeo ~ *0 of the algebra C(„) is invertible and 

•e^-l Aeo -I- zC 

It ICIc 0 , the two square roots of |Clc ^re written as ±|C|c and |Clc = 0 for 
iCic = 0- Hence cr{i() = {±|C|c}- When ^ 0, the spectral projections 




are associated with each element ±|Clc of the spectrum cr(zC) and has the 
spectral representation = |ClcX+(C) + (~ICIc)x-(C)- Henceforth, we use 
the symbol j^jc to denote the positive square root of |Clc in the case that 
ICic ^ (— oo, 0 j. Because the function C ' — > ICic i® homogeneous of degree 
two, C ' — ICic is homogeneous of degree one. 

On the other hand, according to the point of view mentioned in Chapter 
4, the monogenic spectrum 7 (C) of the commuting n-tuple C G C" should 
be the set of singularities of the Cauchy kernel x 1 — > G^iC) in the algebra 
C(„). Although GxiO is defined by formula (1.7) only for C G M" and a; yf C? 
a natural choice for the Cauchy kernel for C G C" is to take the maximal 
holomorphic extension C ' — > Gx{C) of formula (1.7) for C G C", that is. 



G.(C) 



1 a; -I- C 

for all X G K”+\ with 



( 6 . 20 ) 



|x - CIc i (- 00 . 0], n even, 
|x — CIc 7^ 0) n odd. 



Here |x — Clc = Xq + ~ Cj)^ and |x — C|c is the positive square root of 

k - CIc. coinciding with the holomorphic extension of the modulus function 
C I — > |x — Cl, C G \ { 2 ;} ia Hie case that x G M". There is a discontinuity 
in the function (x, C) ' — > |x — C|c on the set 
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{(a;,C)GK”+'xC":|a;-C|^G(-oo, 0 ]}. 

The analogous reasoning for multiplication hy x G in the algebra 

C(„) just gives us the Cauchy kernel (1.7), so that 7(0:) = {x}, as expected. 

Remark 6.7. li (^ = {Qi, . . . , („) satisfies the conditions of Definition 6.2, then 
there exists 0 G [—uj,uj] and a; G K” such that C = To see this, write 
C = a + if3 ioT a, P G M". If |(/3, ■C)l < |(o;,^)|tanw for all ^ G K", then 
a-*- C so that P G span{a}. 

In this case, the plane wave formula (6.14) with A = C, and equation (6.20) 
agree by analytic continuation, at least for uj G N^, with v > \9\. 

Given C, G C", if singularities of (6.20) occur at x G then \x — Clc G 

(—00,0], otherwise we can simply take the positive square root of |x — in 
formula (6.20) to obtain a monogenic function of x. To determine this set, 
write C = C + for ^,r] G K" and x = xoCq + x for xq G M and x G K". Then 

n 

\x- C,\c = xl + Y^{xj - Qf 

t=i 

n 

~ Xq + ^^{xj — — irjj) 

t=i 

= xl + \x- - |?7|2 - 2i{x - 77). (6.21) 

Thus, |x — CIc belongs to (—00, 0] if and only if x lies in the intersection of 
the hyperplane {x — ^,rj) = 0 passing through ^ and with normal rj, and the 
ball Xq + |x — < |?7p centred at ^ with radius jvyj. If n is even, then 

7(0 = {a; = a;oeo + x G : {x-^,r]) = 0, x^ + \x - < jryp }. (6.22) 

and if n is odd, then 

7(0 = {a; = a;o6o + xG : {x-^,r)) = 0, Xg + |x - CP = }■ (6.23) 

In particular, if 9(^) = 0, then = {^} C K". 

Remark 6.8. The distinction between n odd and even is reminiscent of the 
support of the fundamental solution of the wave equation in even and odd 
dimensions. 

Off 7(C), the function x 1 — > is clearly two-sided monogenic, so the 

Cauchy integral formula gives 

7(0=/ G^{On{x)f{x)d^i{x) 

Jan 



(6.24) 
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for a bounded open neighbourhood 17 of 7(C) with smooth oriented boundary 
i9l7, outward unit normal n(x) at x € 917 and surface measure /i. The function 
/ is assumed to be left monogenic in a neighbourhood of 17, but ( 1 — > f(() 
is a holomorphic C(„)-valued function as the closed set 7(C) varies inside 17. 
Moreover, / equals / on 17 n K" by the usual Cauchy integral formula (7.15) 
of Clifford analysis, so if / is, say, the monogenic extension of a polynomial 
p : C” ^ C restricted to M”, then f(() = p((), as expected. In this way, 
for each left monogenic function / defined in a neighbourhood of 7(C)) in a 
natural way we associate a holomorphic function / defined in a neighbourhood 
of C- 

It is clear that if ( = ^ + ir/ lies in a sector in C", say, \f]\ < |^| tan ly, then 
the monogenic spectrum 7(C) lies in a corresponding sector in Before 

we make the correspondence between sectors in C" and more precise, 
we need a simple geometric lemma. 

Lemma 6.9. Let ( G C" \ {0}, C = ^ + ip, 7 G M" and 0 < 9 < tt/2. The 
cone 

Hg = {xoco + X G : a;o > 0, xq = |£c| tan 0 } (6.25) 

is tangential to the boundary ofj{(^) if and only if 

|p|2 = sin^ 0(|^P + tan^ 0\Pgf\'^). (6.26) 

Here : u 1 — > {u,r])r]/\r]\‘^ , u G R", is the projection operator onto span{rj}. 



Proof. Let xoCq + x G Hg be the point where Hg intersects 7(C) tangentially. 
The inward unit normal to H^ at xoeo + x is given by 



n = sin6<(cot6*eo — a;/|£c|). (6.27) 

According to equations (6.22) and (6.23), Xpeo + {x — G lies along 
the normal to the boundary of 7(C) at Xoeo + x. The notation ry-*- means all 
vectors orthogonal to O.cq + r; in R"+^. 

By the tangency condition, the intersection of the tangent plane of H^ 
with the subspace must be tangential to 7(C) in Hence, the projection 
Pg±n of n onto must be normal to the boundary of 7(C) at xoeo + x too, 
so Xoeo + (x — ^) = XPg±n for some A > 0. From equation (6.27), we obtain 



X — ^ 

= — tan 9P^±- — T ■ 

Xo \x\ 

On the other hand, Xq = \x\ tanO, so that x — ^ = — tan^ 9Pg±x and 
X = {I + tan^ j_)“^^. 



Because Xq + |x — = |?yp, we obtain 
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|?7p = tan^ 0(|(/ + tan^ 

+ tan^ 6\P^±{I + tan^ 9P^±)~^)^\‘^) . 

A calculation shows that (/ + tan^ 6P^±)~^ = + cos^ 9P^± so that 

|?7p = tan^ + cos^ 9P^±^\^ + sin^ 0cos^ 0 |P^_l^P) 

= tan^ 0(1 cos^ 9^ + sin^ ^Pr;CP + sin^ 0cos^ 9\^ — Pni\^)) 

= sin^ 0(1^1^ + tan^ 0|P^5p). □ 

Proposition 6.10. Let(^ € C”\{0} andQ < w < 7r/2. Thenj{() C 
if and only if 

|Clc?^(-oo,0] and |A(C)| < 3?(|Clc) tan w. (6.28) 

Proof. The statement is trivially valid if ^ G K” \ {0}, so suppose that 9(C) yf 
0. Then the monogenic spectrum 7 (C) of C given by (6.22) is a subset of 
S'i^(K"+^) if and only if there exists 0 < 0 < w such that the cone 

Hg = {xoco + X G : a;o > 0, xq = |a;| tan 0 } 

is tangential to the boundary of 7 (C)- According to Lemma 6.9, is tan- 
gential to the boundary of 7 (C) for all C = C + *0 with f.,r] G M", satisfying 
equation (6.26). 

To relate condition (6.26) to the inequality (6.28), suppose that m = 
Too Co -I- m is the unit vector normal to Hg such that m lies in the direc- 
tion of 77. Hence, Wq = cot0|m|, tan0 = |m|/mo and P^f = {f^,rn)rn/\rn)f . 
Then equation (6.26) becomes 

77 = sin0(TO^|CP + ^ . 

|m|mo 

But ItooCo -I- m,| = 1, so (cot^ 0 -I- l)|mp = 1. We have \m\ = sin0 and 

+ — . (6.29) 

mo 

As mentioned in [73, p. 67], the set of all C = C + *0 with 7 yf 0 satisfying 
(6.29) is equal to the set of all C = C + *0 with r? yf 0 satisfying 

TT) 

lClc7^(-oo,0] and ?7 = sft(|C|c) • 

mo 

Because |m,|/mo = tan0 < tanw, we obtain the desired equivalence by letting 
m vary over all directions in K" and taking all 0 < 0 < w. □ 

Definition 6.11. For each 0 < w < tt/ 2, let S^(C^) denote the set of all 
C G C" satisfying condition (6.28) and let S'°(C") be its interior. 
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Corollary 6.12. Let f : 5°(K"+^) ^ C(„) he a left monogenic function and 
suppose that f : S'°(C") ^ C(„) is defined by formula (6.24) for every ( G 
S'°(C") with 17 chosen such that 7 (C) C 17 C 17 C S'° 

Then C, ' — > /(C)> C G is a holomorphic C(^n)~valued function equal 

to f on K” \ { 0 }. 

If K is a compact subset o/5'°(C") and 12 is a hounded open neighbourhood 
o/U^gK 7 (C) with smooth oriented boundary df2 such that 17 C S'° then 

there exists Ck,q > 0 , independent of f, such that 

sup 1/(01 < CK,n sup |/(w)|. 

C&K ujGdO 

Corollary 6.13. Let f : S'°(K"“''^) ^ C(„) be a left monogenic function such 
that the restriction f of f to K"\ {0} takes values in C. Then f is the restric- 
tion to M" \ {0} of a holomorphic function defined on S'° (C"). 

The sectors Scj(C") C C” and C K”+^ are dual to each other 

in the sense that the mapping 

(:r,0 ^ GOO, a; e \ ^.(K"+0, C G ^^(C”) 

is two-sided monogenic in x and holomorphic in 0 

The sector Si^(C") arose in [72] as the set of C G C" for which the expo- 
nential functions 

e-t(a;,0 = x = xoCq - h x, (6.30) 

have decay at infinity for all x G with (x, m) > 0 and all unit vectors 

TO = moeo-hm G satisfying toq > cot wjmj. The projection x+ is defined 
by equation (6.19). 

6.3.2 Plane Wave Decompositions 

As observed in [72] , the plane wave decomposition of the Cauchy kernel arises 
naturally in the context of spectral theory in C(„). 

Let 0 </x< 7 r/ 2 . To every function bounded holomorphic function B G 
i7°°(S'°_i_(C)) and / G S'°(C”), the element b(() = B{i(} of C(„) is defined by 

the functional calculus for the element if = i(fiei -I hfnen) of the algebra 

C(„) by the formula 

6 (C) = B{zf} = B(lC|c)x+(C), 

so that 6 G i7°°(S'°(C”)). Here we consider B{() to be zero if 3?C < 0- 
The inverse Fourier transform ^ of i? is given by 

<p{z) = — f B{r)e^^^ dr 
27t Jo 
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for z € C with '^z > 0. For the inverse Fourier transform </> of & we have 
1 



4>{x) = 



(27t)” 

1 

(27t)” 

1 

2(27t)’^ 

1 

2(27t)’^ 

1 



/E^ 

/E^ 

(eo + f) 

J (eo + ir) dr^ dr 

— f {eo + iT)<P^’^~'^\{x,T) +ixo)dr 

Js"-^ 



2{2TTiy- - Jsr^-l 
where is the (n — l)’st derivative of <P. Note that 

pOC) pOC) 

(eo + ^r) / dr = / ^(r)(eo + dr 

do do 

pOO 

= / 5(r)(eo + tr)e*"("-«")dr 

do 

pOC) 

= (eo + tr) / dr, 

do 

so that (eo + ir)^^"“^^((a;,T) + ia;o) = (eo + r) — xqt) for all 

T e and a;o > 0. Hence, 

^ 2(27Tt)»-i Jg„-^ ((a;, r) - a;or) dr. 

This is the plane wave decomposition for the monogenic function <f>. Although 
such functions </> are not generally bounded on S'°(K"+^), they do satisfy the 
estimate 

\y{x)\<-^, x€s;(R-+y. 

For the monogenic function B defined by B{z) = 1 for Iftz > 0 and B{z) = 
0 for 3?z < 0, we have 






1 X 

for X = xoCo + X and Xo > 0 and we obtain the plane wave decomposition 
1 X (n — 1)! / i 



Bn k|"+l 



27T 



/5„-i 



(eo + is) ((a;, s) — a;os) ” ds. 



of the Cauchy kernel in the case xq > 0 stated in Proposition 3.4 above. A 
similar argument works for xq < 0. 
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6.3.3 Bounded Monogenic Functions in a Sector 

Let 0 < w < 7 t/ 2. In this section we suppose that w < < 7 t /2 and / : 

5'°(R"+^) ^ C(„) is a left monogenic function that is uniformly bounded in 
Denote the supremum of |/(a;)| for x G S'°(K”+^) by ||/||i/,oo- 
According to Corollary 6.12, there exists a holomorphic function / : 
S°,{C^) C(„) for Q < v' < V coinciding with / on M". By analytic continu- 

ation, / takes its values in the subspace spanned by the range of / on R". We 
are aiming to bound the uniform norm of / on 5'°, (C") in terms of a uniform 
bound for / on S'°(R”+^). 

We can easily find such a bound on a smaller sector in S'i/(C"). Let 0 < i/' < 
7t/2 and let 5^'(C") denote the set of all ( € such that \r]\ < sinj^'|^| for 
C = i + iv with ry G R". Then for each ^ G S^i (C"), the closed ball of radius 
Iryl centred at ^ is contained in S',y/(R"+^). For this to be true, necessarily 
|ryi < 1^1, which does not hold for all C, G 5'i//(C”). 

Now let 0 < v' < 6 < V. li ( G then the closed ball of 

radius |?7|(1 -I- S) in R"+^ centred at ^ strictly contains 7(C) and is contained 
in S'e(R"“'‘^) \ {0} C S'°(R”+^), provided that 0 < 5 < sin 6*/ sini^' — 1, it 
follows that 

/(C) = / G^{On{x)f{x)d^i{x). 

Then |/(C)| < 2”/2||/||^, ^ so we need to estimate |Ga:(C)| 

for X G dB(^^s and C G To this end, 

^+C ^ 1 ^/ICI + C/ICI 
ICI”k/ICI-C/ICIir'' 

Every x G can be written as a; = C-|-|?7|(1-|-(5)q; for a G S'” so that x/|C| = 
C/|CI + ohl(l + <5)/ICI- It turns out that the numbers |C| and |C| are comparable 
for C G S,y'(C”) and [ryl is dominated by a |C|. Because ii(B^^s) = 0(|C|") as 
C goes to infinity or zero, we obtain a uniform bound on ^ |Ga;(C)l d^{x) 

for C G Sy'(C”). The bound depends only on v' , 5 and n. 

If we want to extend this bound from the sector to all of Si//(C”), 

then we need to take into account the geometry of the situation, that is, the 
difficulty with fitting a ball into a sector in R"+^. The obvious remedy is to 
replace the ball B,^ s by a suitable disk about 7(C)- We now work out the 
details of the approach outlined above for this case. 

Given C G S,y'(C”), write C = / + for C G R" and ry G R". Suppose 
that 7 yf 0. For each <5 > 0, let denote the right hypercylinder in R"+^ = 
RxR" centred at (0,/) with radius |?y|(l-|-(5) and bounded by the hyperplanes 

P± = {x& R”+^ : (x - (C ± (5ry/2), ry) = 0 }. 

Then the monogenic spectrum 7(C) of C is contained in and fx{dD,^^s) = 
0(|ry|”) as C goes to zero or infinity in S'i//(C”), for if w„ is the n- volume of 




138 6 The Monogenic Calculus for Sectorial Operators 



the unit ball {cc G M" : \x\ < 1 } in R" and Sn-i is the (n — l)-volume of the 
hypersphere {x G K" : |a;| = 1 } in R", then 

KdDc,s) = 2u„|77r(l + Sr + Sn-i\vr\l + sr-^s\rj\. (6.31) 

Of course, ^ {^} as ?7 ^ 0. 

Lemma 6.14. For each 5 > 0, there exists > 0 depending only on 6 and n 
such that Ijx — CIcI ^ £< 5 |CI foi" all x G s and C G C" with ^ 0. 

Proof. Because DtQ^s = tDc,s fo'' alH > 0 and the functions | • | and | • |c are 
homogeneous of degree one, it is enough to prove the statement for all f G C" 
with ICI = 1 . 

Let S'(C") be the set of all f G with |^| = 1. Given f G S'(C") with 
( = f + irj for ^ G and rj G MF \ {0}, every element of R”+^ belonging 
to the intersection of ODq s with the hyperplane P+ can be parametrised 
as x{(,r,a) = f + 5r]/2 + |?7|(1 + 5)rT^a for 0 < r < 1 and a belonging 
to the unit sphere S'^~^ in R". Here is a rotation mapping R" onto the 
n-dimensional subspace {rj}-^ of R"+^ such that rj i — > is continuous on 

5'"“^. Then x{(,r,a) ^ 7 (C)? so |a;(C, r, a) — C|c is nonzero. The function 
{(,r,a) I — > ||x(C,r, a) — C|c| is positive and continuous on the compact set 
S'(C”) X [0, 1] X S'”-! and so 

inf{||x(C,r,a) - del : iC,r,a) G S(C”) x [0,1] x S”"! } 



is a strictly positive number. A similar argument works for the other face 
intersecting P_ . 

On the third face, the parametrisation x{(, t, a) = f + Sr]t/2+ \r]\{l + S)Trja 
for — 1 < t < 1 and a belonging to the unit sphere S"“! is used. The required 
number es is the minimum of these three numbers. □ 

Remark 6.15. The expression ||a;(d?’, <a) — Clcl^ quartic in the 3n + 1 real 
variables rj, 7 and r, if we take 7 to represent T^a. Estimating es is likely 
to be unrewarding. 



Lemma 6.16. For each 6 > 0, let es > 0 be the number given in Lemma 6.14. 
Then 



/ |Gx(C)l < 

for all C G C” with 0. 



3{l + S/2){l + 6r{2Vn + Sn-lS) 



y p”+! 



Proof. If X G dD(^^s and ^ G C" with 0, then 



|G.(C)| < 



1 |5-/id + c/id| 

^«ici”|k/id-c/idr' 



^ 1 N/ld + i 
- Lf„ici”iix/id-c/idicr' 
^ 1 N/ld + 1 

■ ^nlCI” 



n+1 
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For X e dD^^s, we have |x|/|C| < 2 + 35/2 and from equation (6.31), we obtain 

< 2^;„(1 + 5)" + 

Combining these estimates gives the stated inequality. □ 

Theorem 6.17. Let 0 < < tt/2 and let f : ^ C(„) be a uniformly 

bounded left monogenic function. Suppose that for every 0 < uj < v the holo- 
morphic function f : S'°(C") ^ C(„) is defined by formula (6.24) for every 
C G with the open set L2 chosen such that 7 (C) C C C 17 C 5'°(K"+^). 

Then for every 0 < v' < v, the function ( 1 — > /(C); C G S'//(C"), is a 
well-defined holomorphic <C(n)-valued function equal to f on R" \ {0}. It is 
uniformly bounded in S'//(C") by ||/||;y,oo times a constant C depending only 
on n, v' and v. 

Proof. That / is well-defined by formula (6.24) follows by analytic continua- 
tion. 

Let 0 < ir' < 0 < V. According to Proposition 6.10, 7 (C) C S';y'(K”+^) 
for all C G S'i;/(C"). We can choose 5 > 0 such that C S'e(R"'''^) for all 
C G S';y/(C”). To see this, suppose that C = / + *?? G S'i/'(C”) and that the cone 
given in the proof of Proposition 6.10 is tangential to one of the faces of 
Dq,S( normal to r; yf 0 and the other face is contained in ^^(K"^^). According 
to equation (6.26), 5,^ > 0 satisfies one of the quadratic equations 

(1 + 5(^)^|r7p = sin^ 0(|C ± 5,^r?/2p + tan^ 0(C ± S^rj/2, ij)'^) 

with i) = T]/\ri\. Then 6 = inf{5<; : C G S'y'(C”), |C| = 1} is the required 
positive number because 5*^ = Sq for alH > 0 and C G S'^y/C”) with ?? yf 0. 
The infimum is attained when |C|/|??| is bounded away from zero. 

By Cauchy’s Theorem in Clifford analysis, we have 



/(C) = / G^{On{x)f{x)dfi{x). 

ddD(,5 

Although the boundary dD(^^s is not smooth, the edges can be smoothed out 
to obtain the given representation. Then by Lemma 6.14, 



1/(01 < 2”/^||/IU, 00 / IGOOI^MO 

JdDf 



< 3.2”G| 



9Dc,5 

(l + 5/2)(l + 5)"(2A„ + A„_i5) 
y 



for all C G S'i/'(C"). The positive numbers S and es depend only on n, v' and 
v' < 9 < V. □ 
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6.4 Bounded Holomorphic Functions in Sectors 

To obtain holomorphic functions from monogenic functions, we show that the 
mapping / i — > / given by the Cauchy integral formula (6.24) maps the space 
of all left monogenic functions which are uniformly bounded on every sector 
S')), in with Q < v' < v onto the space of all holomorphic functions 

which are uniformly bounded on every sector S°, (C") in C" with Q < v' < v. 
The sector S°, (K"+^) in is understood in the sense of Definition 6.5 and 
the sector S°,(C") in C" is given in Definition 6.11. 

To show that the mapping / i — > / is onto in this sense, we construct 
the inverse map and show that for every 0 < n' < v" < v, there exists 
Cu'.v" > 0i such that for every holomorphic function / uniformly bounded 
over the subsector S°, (C"), the supremum of |/| on S°,(C") is bounded by 
Cu'm" times the supremum of |/| over the subsector 

Here we appeal to the Fourier theory of monogenic functions exposed in 
[72]. As mentioned in Subsection 6.3.1, the sector S,^(C") arose in [72] as the 
set of C G C" for which the exponential functions (6.30) have decay at infinity 
for all X € with {x,m) > 0 and all unit vectors m = moeo + m G 

satisfying mo > cot:^|m,|. We exploit this property to construct a left 
monogenic function / : S'°(K”+^) ^ C(„) bounded on subsectors from a 
holomorphic function / : S'°(C”) ^ C(„) bounded on subsectors. Before doing 
so, we recall some facts about the sectors S'°(C”) from [72, Section 4]. 

6.4.1 Sectors in C” 

For each unit vector m G with m = mpeo + m satisfying mo > 0 and 

m G K", the real n-dimensional manifold m{C^) in C" is defined as the set 
of all nonzero C = C + G C" such that G M" satisfy equation (6.26), or 
equivalently, equation (6.29). 

According to the proof of Proposition 6.10, the manifold m(C") is the 
collection of all C = G C" such that r] G K" lies in the direction of m 

and the monogenic spectrum 7(C) of C is tangential to the cone given by 
(6.25) with tan0 = mo/|m| . Manifolds associated with distinct unit vectors 
m are disjoint. Moreover, for 0 < w < n/2, the sector S'j^(C”) of all C G C” 
satisfying condition (6.28) is the disjoint union of the manifolds m(C") for all 
unit vectors m G with m = mo eg + m and mo > cotw|Tn|, including 

{0} as well. Its interior S'°(C") is the union of all such manifolds m(C") with 
mo > cotw|Tn|. For the vector m = eo, we have eo(C") = M" \ {0}. 

Let m G be a unit vector with m = moCo + m satisfying mo > 0. 

For all C = ■? + G m(C”) with ^,r] G K", the quantities |^|, |C|, 3?(|C|c) and 
1 1 del are equivalent: 

3?|Clc < Id < and (6.32) 

mo 

m\c < IICIcl < ^ < Id < ^ e ^(C"). (6.33) 

mo mo 
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The Jacobian det (dQ/d^k) of the parametrization ^ i — > ^ + irj of m(C”) 
given by formula (6.29) satisfies the bound 



det 




1 

< — . 

mo 



(6.34) 



The pullback of a differential form uj on C" via the embedding of m(C") in 
C" is denoted by the same symbol. In particular, integration with respect 
to the complex n-form c?Ci A • • • A c?C„ on m(C") is equivalent to integration 
with respect to surface measure on m(C"). The symbol |c?Ci A • • • A dCnl is 



used to denote the image of the measure 



det 




with respect to the 



parametrization ^ i — > ^ + zry of m(C"), that is, the surface measure d/r of the 
n-dimensional real manifold m(C"). 

Besides the exponential function e+(a;,(') defined by formula (6.30), the 
function 



e-{x,C) = x = xoeo+x, ( e C”, |Clc i (-oo,0] (6.35) 

is also important. Then the functions (x, C) i — > e±(x,C) are left monogenic 
in X G and holomorphic in C G C". Let m G be a unit vector with 

m = moco + m satisfying toq > cot zz|m|. Then for x = xpeo + x G and 

C = C + G C", the bounds 

|e+(x,C)| = e-i“='''>--“*^l«l-|x+(C)| 

< Cem(C”), (6.36) 

v2 

|e_(x,C)| = e-i-'''>+"«*'l«l-|X-(C)l 

< (^(Zrn{C^), (6.37) 

V2 



are valid. 

The set of x = (xq, xi, . . . , x„) G with xq > 0 is written as and 
for xo < 0, as For 0 < zz < tt / 2 , let 

C+ = jj, g : X = xoco + X, Xo > — tan i>\x\ }, 

C'“(]S"'''^) = {x G R"'*'^ : X = xoco + X, xq < tanzz|x| } = — C,^(R"+^). 



Then S'°(R”+^) = C'+(R”+^)nC“(R”+^). Given a unit vector m = moeo+ 
m G R”+^, let Hm denote the half-space {x G R”+^ : (x,m) > 0}. We also 
note here that 

C+(R”+i) = [}{H^ : m G S'", m = tooCo -I- m, mo > cot zz|m| }, 
C'“(R"~'’^) = [J{— 77m : m G S", m = moCo -I- m, mo > cot i/\m\ }. 
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6.4.2 Fourier Analysis in Sectors 

For each ( e C" such that ^ (— oo,0], set ip(() = x+(C)ICIce“'^''^ and 
■*/'t(C) = ^(^C) for t > 0. The function is defined by equation (6.19). 

Suppose that b : S'°(C”) ^ C(„) is a uniformly bounded holomorphic 

function. Then for each t > 0, the product b.ipt is a bounded holomorphic 
function with exponential decay at infinity in S'°(C"). Hence, the Fourier 
transform 

(b.^ptYi^) = f dx 

converges for all ^ € M". 

Lemma 6.18. Let b : S'°(C") ^ C(„) be a uniformly hounded holomorphic 
function. Then for each t > 0, the Fourier transform {b.iptY'- R” ^ C(„) has 
a left monogenic extension to C“(R"+^) (denoted by the same symbol). 

Moreover, for every Q < v' < v, there exists B,^i > 0, such that for every 
uniformly hounded holomorphic function b : S'°(C") ^ C(„), the hound 

l(4.*)^(*)l < T(R"^‘), (6.38) 

holds for all t > 0. 

Proof. Let m = mgeg + m € satisfying toq > cot i/|m|. Set 

fniix) = f e+{-x,C)b{C)YtiC)dCiA---AdCn (6.39) 

J m(C”') 

for all X G such that {x,m) < 0. Then fm is left monogenic in the 

set {x G M"+^ : {x,m) < 0} because e+{—x,(() is left monogenic in x and 
has exponential decay in ( for {x,m) < 0, according to the bound (6.36). By 
dominated convergence, lim 2 ,g^o- feo(xoeo + x) = {b.YtY{x), so fe^ is the left 
monogenic extension of {b.iptYio 

For X G R"+i fixed, m i — > fm{x) is constant on the set of unit vectors 
TO = TOoCo + m G satisfying toq > coti^|m| and {x,m) < 0, see [73, 

p.70]. It follows that fm is the unique extension of {b.tptY to all 

of {x G R”+^ : (a;, to) < 0}. Because C'“(K”+^) is the union of these sets 
for all unit vectors to = TOoCq + m G satisfying toq > cotz^jmj, the 

Fourier transform (&.■;/;()' has a left monogenic extension to C'“(K"“''^) given 
by formula (6.39). Denote this left monogenic extension by {b.iptY Si,s well. 

To check the bound (6.38), we note that 
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\{b.'iptT{x)\ < 



< 



< 



t\\b\\^ 



|e+(-a:, C)l^(C)V’t(C)l MCi A • • • A dC« 



V2 



COSJ^ Jm(C») 

^li^lloo 



g(x,m)Jf|C|c/»no ||^|p|g-tSR|C|c 1^^^ A • • • A dC« 



■\/2mg cos V 









n\Sn-l 



’ 'J2m^ cos V (—(a;, m) + imo)”+^ 



for all X G and all unit vectors m = mo eg + m G satisfying 

mo > cot:^|m,| and {x,m) < 0. Here we have appealed to the bounds (6.32) 
and (6.33) on the manifolds m{C^) and the bound (6.34) for the Jacobian of 
the parametrization ^ i — > ^ + ir; of m(C"). 

Now let 0 < ly' < V. There exists a,yi > 0, such that for any x G C“/(K"'''^), 
we can choose a unit vector m = moCo + m G satisfying mo > cot iy\m\ 

and —{x,m) > a^/|a;| with a^i independent of x and m. Then 



t 



< 



A,. 






(a^/|a:| + tmo)"+^ |a;|” (|a;|/t + 1)"+^ 

< Au' \x\/t 
~ |a;|” 1 + 

and we obtain the bound (6.38). □ 

We also need some bounds on the denominator of the Cauchy kernel (6.20). 
Proposition 6.19. i) The bound 

Ik -del > ki(i-K-d 

holds for all K>\, X G and C = ■C + G C” with \x\ > K(|d + k|)- 

a) The bound 

Ik - Clcl < 2kl 

holds for all x G with kl > ICI- 
iiij Let 0 < n < tt/2. The bound 



IlC-a^lcl > 



cos V 



r(l-Old 



(1 + sin^ I/) 1/2 ' 
holds for all K > 1, X G M"+i and f G 5°(C") such that 

|d>«f(l + 2k2)i-^+®^^'^)' 



iv) For every Q < v < 9 < tt/2, there exists > 0 such that 

Ik - Clcl > Ci/.ekl 

for all C G S'°(C”) and x G M”+i \ S'^(K”+i). 
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v) For every Q < v < 9 < tt/2, there exists > Q such that 

Ik -del > edelCI 

for all C e S'°(C”) and x G M”+^ \ 5'^(K”+d. 

Proof, i) Let x = XoCq + x G and f f + ir] G C". Then 

Ik-CIcT = ko + k-d^- kp -2t(a;-d??)r 

>(4+\x-e-\v\r 

= \x\H\x/\x\-f/\x\\^-My\x\^r, 



where we have identified M” with the subspace {0} x K" of Now k/k| — 
i/\x\\ > 1 — Id/kl foi' kl ^ Id) so in this case, we have 



k - del' > klk(i - Id/Nk - HVkPk 



= kl" 1- 



Id + H 



>l^|4 

kl / 



1 - 



Id-H 



Hence, |k — del > kl(l ~ ^ G M"+^ with |x| > K(|d + k|) and 

all K > 1. 

ii) On the other hand, if a: G K”+^, C, = f + irj G and |x| > /3(kP + 

for /3 > 1, then 

|k- CIcT ^ kd(k/kl -?/klP - klVkld^ + 4k-dd’7p 
<klk(i + ld/klk + HVkPk 

SIT (i + ^ + ;^) 

< 2d:r|d 

Hence, ||x — Clc| < 2|x| for all x G K”+^ with |x| > (kP + = ICI- 

iii) Here we are looking at the limiting behaviour of |C — a;|c as |d ^ oo in 
S°(C"). Let m = moco + m be a unit vector in M"+^ such that mo > cot v\m\ 
and let m(C") be the real manifold defined by equation (6.29) in C". Then as 
noted above, S'°(C") is the union of all such manifolds and ||C|e| and |d are 
comparable on m(C"). Note that by continuity. 



IIC/ld-T/ldIcI 



IICIcl > mo 
Id -(l + |m|2)i/2 



on m{<C"‘) as |d ^ oo. Indeed, suppose that f G m(C") and |d = 1- Then 
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lie - a;|c - icicl = 



< 



< 



IIC-^I^-ICI^I 
lie - a;|c + leicl 
lie-: 



3?iek 



-lei^i 



(1 



m 



2)1/2 



Too 



iie-i^i^-iek 



by the estimates (6.33). If x = xoeo + x satisfies |x| < 1 and C = e + G C" 
has norm one, we get 



lie - 1^1^ - lei^i = 1:^^ + 1^ - ek - lek - 2 t(r 7 ,a.)i 

<:^o + iie-:^i-ieiMie-:^i + ieii + 2Hix| 

<xl + |a:|.(2|C| + |x|) + 2|77||a;| 

<4 + \x\^ + 2{\^\ + M)\x\ 

<(l + 2|C| + 2|ry|)|x| 

< (l + 2V2)|x|, 

so that lie - x|c - leicl < (1 + 2v^)(l + \m\'^y/'^\x\/mo. 

Hence, for all nonzero ( G m(C") and x G R"+^ satisfying |x| < |e|, we 
have 



iie/iei - :i^/ieiici > ^ - (i + 2V2)ii±^^^M 
lei TOO lei 



> 



Too 



(1 + |m| 






on appealing to the estimates (6.33) again. Now |mp(l + cot^ :^) < 1 = 
TOq + |mp < mQ(l + tan^ v), so toq > cosi^ and \m\ < sin v and the inequality 
iii) follows. 

iv) Let Q < V < 9 < -K /2. Then there exists > 0 such that 



Ik - eici > f-vfi 



for all C € S°(C") and unit vectors x G K”+^ \ 5'g(K”+^). To see this, let 
m = moeo + m be a unit vector in K”+^ such that mg > cot i/\m\ and suppose 
that K > 1 and ( G m{C^) satisfies |e| > r = k( 1 + 2-\/2)(l + sin^ v)/cos^ v. 
Then by iii), we have 



: - CIcI > 



COS V 



(1 + sin^ 



(i-«-klCI> 



r cos V 

(1 + sin^ i /)^/2 






On the other hand, according to Proposition 6.10, the function 



(C,ai) 



k-Ck 



is positive and continuous on the compact set 
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({|CI < n S'^(C”)) X (S'” n (K”+^ \ s^(K”+^)), 

so it must be bounded below there. Then is the minimum of these two 
lower bounds. It follows that ||a; — CIcI > for all C G S°{C^) and 

xGM”+i\S^(K”+1). 

v) It suffices to prove the result for |C| = 1. According to i), if k > 1 and 
|a;| > '/2k, then ||a; — <C|c| > |a;|(l — > /2{k — 1) for all C G C" with 

I Cl = 1. On the other hand the function 

(c,x) I — > iix - del 

is positive and continuous on the compact set 

({Id = 1} n S.(C”)) X (||x| < /2k} n (K”+1 \ s,°(M”+')), 

so it must be bounded below there. Then e} g is the minimum of these two 
lower bounds. □ 



Lemma 6.20. The function (x,y) i — > tpt{x — y), x,y £ M", t > 0, is the 
restriction to M" x M" of a function ((, y) i — > V’t(C ~ v) which is holomorphic 
in f £ C" and two-sided monogenic for all y £ with y + teo ^ 7(C)- 

Moreover, 



MC-y) 



(27t)" f tep {y + C + tep)t^ \ 

[\y-C + tep\Z+^ ^|y_C + teoirV 



(6.40) 



Proof. Let k{x) = /- |^|n+i for all nonzero x G so that k{x — y),x^ y, 

is the Cauchy kernel Gx{y). We first note that 

k{x + tep) = ■— [ e+{x, C)x+(C)e"*'^' df 

for all X £ and t > 0, so 

f d 

/{x-y)= / e+(-(a;-y),C)V't(?)c?C = -(27r)”t— fc(y-x + teo) 

7b" ot 



for all x,y £ M" and t > 0. Holomorphically extending in x and monogenically 
extending in y gives the expression (6.40), defined for all y £ and C G C" 
with y -\-tep ^ 7(C)- C 

Lemma 6.21. Let b : S°(C") ^ C(„) be a uniformly hounded holomorphic 
function. Then for each t > 0 and Q < v' < v, the Fourier transform {b./^X 
has a holomorphic extension to S°,/M) (denoted by the same symbol) given 
by 

= 77^ [ MC -y)n{y){b./y{y)d/y), c £ s°,(c/, (6.4i) 

(27t)” Jae 
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where v' < 0 < u and 

Ge = {y & : y = xqCq + y, xo = tan6»|y| }. (6-42) 

Proof. First, suppose that f = x € K". Then y i — > ‘iftix — y) is uniformly 
bounded and two-sided monogenic in and {b.iftT is left monogenic in 

C'-(K”+i) by Lemma 6.18. 

According to the bound (6.38) we have 

/ \{b-f^tT{y)\dy{y) <C\\b\\^ f .JJ2Q 2 U 2 \ ~ ^ 

Jgb Jo {l + sec^Or^/P} r 

so that the integral (6.41) converges for all 0 < 0 < The convolution formula 

(b-i’tTix) = J^^{^t*b.i;t){x), xeK”, 

and Cauchy’s theorem in Clifford analysis [19, Corollary 9.3] now gives the 
representation (6.41). Then we can holomorphically extend the integral and 
the equality (6.41) for all ( in S'°,(C"). 

We need to check that for in a fixed compact subset of S°,(C"), the 
function y 1 — > V’t(C ~ d) is uniformly bounded for all y G G$. For y S Gg and 
\y\ large, this follows from formula (6.40) and the estimate Proposition 6.19 
iv). For |?/| small, we note that for each t > 0, the positive continuous function 
(y,C) I — > |y — C + ^eojc is necessarily bounded below on compact subsets of 
GgxS°,(C^). □ 

Lemma 6.22. Let b : S'°(C") ^ C(„) be a uniformly bounded holomorphic 
function. Then for each t > 0 and Q < v' < v, the restriction of b.'f'^ to M" 
has a left monogenic extension b.l^p^ to 5°/(K"“''^). Moreover, 



I 0((tlxim, as t|a;| ^ 0 in S'°/(1R"“''^), 

( 0((tja:j)“”), as t\x\ ^ 00 in S'°/(K”+^). 



(6.43) 



The order of convergence is uniform for ||6||oo < 1- 
Proof For each x G S°,(R^+^) = Cji(]R”+i) C C';i(]R”+i) set 



{b-ef’t)+{3:) = 1 -^ f e+{x, C)(6.V’?)'(C) dCi A • • • A dfn, (6.44) 
(27t)" 

(b-e'(ft)-ix) = f e_(x,C)(&-V’?)'(C)c^Ci A ••• AdC«, (6.45) 

(27t)" 

{b.i-ipt) = {b.t'ip^)+ + {b.iffi)- . (6.46) 



Here m = moCo-l-m G and m' = m'^eo + rn' G are two unit vectors 
satisfying toq > cot :^'|Tn| and rUg > cot and (x, m) > 0 and (x, to') < 0. 

As mentioned in Section 4.1 above, the sector S']), (C") is the disjoint union 
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of all manifolds ^(C") for all unit vectors I G satisfying Iq > coti^'|Z|. 

According to Lemma 6.21, {b.ip'^y is defined on S'°,(C"). Once we establish 
the absolute convergence of the integrals (6.44) and (6.45), the argument of 
[73, p. 70] shows that the right hand sides of equations (6.44) and (6.45) are 
independent of the choice of the unit vectors m,m', so that (&.^'i/'t)± ^ind, 
hence, are well defined functions on S'°/(]R"+^). Because the functions 

e±(’) C) Etre left monogenic for each ^ G C”, the functions (&.Gi/'t )± {b.etpf) 
are left monogenic functions defined on (M"’*'^). 

We first see that the right hand side of equation (6.44) converges for all x G 
C'ji(K”+^). The integral C)(^-V’?)"(C) A • • • A d(„ is estimated 

for 0 < I/' < 0 < j/ and x G Cjl(K”+^) by 

f |e+(a;,C)M(^-V’?)'(C)IMCi A • • • A dCnl 

4m(C") 

< f f \e+{x, 0 \-\yt{C-y)\\{b-ytT{y)\d^i{y)\dCiA-"AdCn\ 

J m(C”') J Ge 

= [ j |e+(x,C)|.|4/|c|(C/IC|-J//ICI)l 

J m(C”') J Go 

x|(6.v.,r(j,)|dp(„)AiT_MG! 

= f f l«+(te.OI-lG/K|K/IC|-!//((|<l))l 

J m(C”') J Go 

X I (b-ytTiy) I dn{y) 

<dl^lloo/ f |e+(te,c)MV’i/ici(C/ICI -y/ICDI 

J m(C”') J Ge 

\y\ dfi{y) \dCi A ■ ■ ■ A dCn\ 

^l + |y|2 |y|" Id" 

Here we have used the explicit formula (6.40), estimate (6.38) and the fact 
that both measures 

|dCi A ■ ■ ■ A dC«l dy.{y) 

ICI” ’ |y|” 

are invariant under dilations. It remains to estimate the function 

(2/,C)^l^i/ici(C/ICI-2//ICI)l, y&Go, CGm(C"), 

which is independent of t > 0. 

We now show that |'0i/|(;| (C/ICI ~ 2//ICDI = 0(|C|~^), uniformly in y G Ge 
as Id ^ oo for C e and \tpi/\c\{C/\C\ ~ 2//ICDI = 0(|d”), uniformly 

in y G Ge as |d ^ 0 for ^ G S^yC^). 

Let K > 1. Then by Proposition 6.19 i), for d € m(C") with |d| = 1 
and all x G with |x| > -\/2 k, we have ||x — did > d|(l — k“^). Set 
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X = {y + eo)/|CI for y G Gg and ( G m(C”). Comparison with formula (6.40) 
shows that 



i^i/ici(c/ici-?//ici)i< 




1 

i)"+i 



V^At(n + 1)/|CI 

{k — l)"+3 



(6.47) 

if |a;| > \/2k. 

According to Proposition 6.19 v), there exists e'^g such that \x — ^'|c > 
e^, g for all C' G m(C”) with |C'| = 1 and all x G \ S'^(K”+i), so if 
X = {y + eo)/|CI for y & Gg and |a;| < V^k, we have 



I^i/ici(C/ICI-2//ICI)I<|4 




+ (n + 1) 



(V2ac+1)/|C| \ 



(6.48) 



Hence, there exists C > 0 such that 

l^i/ici(C/ICI-2//ICI)l< || 

for all y G Gg and ( G m(C”) with |^| > 1. 

On the other hand, V'l/ici (C/ICI ~ J//ICI) = ICI”^i(C ~ 2/)- Let x = y + cq. 
According to Proposition 6.19 iv), there exists e,j^g such that \x — ^|c > f-v' ,g 
for all C G m(C”). For a > 0 and x G Gg such that |x| < a, we have 



\' 4 ’iiC-y)\ < 




eo 



(ei^'.e) 



n+1 



+ (n + 1) 



1 + fl \ 
(ci.'.e)”+V 



for all C G {|C| < l}nm(C”). Now let k > 1 and suppose that a = \/2k. Then 
by Proposition 6.19 i), for C G m(C") with |C| < 1 and all x G with 

|x| > V^K, we have \\x — C'|c| > |a^|(l — «“^), so that 



\MC-y)\ < 



(2^)" 

A„2("+i)/2 



eo 



{k- 1 ) 



n+1 



\/2K{n + 1) 

(k - l)"+3 



We have shown that |^i/|(;|(C/ICI “2//ICDI = 0(ICI ^), uniformly in y G Ge 

as Id ^ oo for C G and |+/|c|(C/ICI ~ 2//ICDI = 0(ICI”). uniformly 

in y G Gg as |d ^ 0 for ^ G S',y'(C”). In particular. 



/ sup |+/|C|(C/ICI -2//ICDI A+nl ^ 

*/m(C”') y^Go IM 



Hence, |(6.^+) + (x)| is bounded by 
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C"||&||oo / |e+(te,C)| 

J m(C”') 

X sup |^i/ici(C/ICI - y/ICI)l 

ydGg Kr 

<c"||&||oo sup {|C|-”l^i/ici(C/ICI-2//ICI)|} 

y£Ge,(^£m{C^) 



X 



< C"||&||oo 



[ |e+(te,C)l MCl A • • • A dCnl 

J m(C”') 

sup {|C|-”l^i/|C|(C/IC|-2//ICI)|} / 

yeGe,C6"i(C") jR" 



< 



C" 



y(,Ge,C&rn(C 



sup {|C| ”l^i/ici(C/ICI -y/ICDI}- 



Hence we obtain decay as t\x\ ^ oo in S'°,(K”+^). To see this, let v” satisfy 
v' < v" < 9. Then for all x G S°,(R"^^) we can find a unit vector m = 
TOoCo + m G M"+^ satisfying mg > cot:^"|m| such that {x,m) > a|a:|, where 
a depends only on ly' and v" . 

We now estimate the convergence of {b.etpf)+{x) as tx ^ 0 in 
Set 

VoiO = sup |^i/|ci(C/ICI - y/ICDI, C e ^.'(C”). 

y&Ge 

Then as shown above, Ve{C,) = 0(|C|~^) as |C| ^ oo for ^ G S',y'(C”), and 
He(C) = 0(|CI”) as Id ^ 0 for C G 
Because 

(5.,d?)+(0) = [ x+iOib-^tTiO dCi A • • • A dCn, 

(27t) Jm(C") 

the number \{b.itpf)+{x) — )+(0)| is estimated by 

C"||6||oo [ \e+{tx,0-X+{0\Vei0 ^ ^ . 

Jm(C") ICI 

For notational simplicity, replace tx by x. Then for |x| < 1, we have 



/mlC^lnflCIXkl-Ts} 

<c [ 



|e+(a:,C) -X+(C)|Ve(C) 



|dCi A • • • A dCn 



icr 



^e(C) 



|dCi A • • • A dCn 



< C' 

< c" 



m(C")n{|ci>k|-i/2} Id” 

f \dCi A--- AdCn 



'm(C")n{|C|>|a:|-T2} 

r dr 



ICI 



n+1 



/p|-i/2 
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On the other hand, 



/m(C'“)n{|ci<k|-i/='} 



|e+(a:,C) -X+(C)|Ve(C) 



|dCi A • • • A dCn 



ICK 



sup 

ICl<k|-'/^Cem(C-) 



|e+(a;,C) -X+(C)I 



,|l/2 



X / VeiC) 

Jm(C") 



|dCi A ■ ■ ■ A dCn 

ICI” 



Because {x,m) is comparable to |x| for x G and |^| is comparable 

to 3?|Clc for ^ G m(C"), there exists a > 0 and C > 0 such that 



sup 

ICIGkl-i/ACemiC”) 



|e+(a:,C) ~X+(C)I 

|x|i/2 



< C sup 

|C|<|a:|-i/AC6"i(C") 



X _ g-akllCI 



= c 



|x|l/2 



< aC. 



It follows that \{h.i'ip^)jr{x) — (6.£t/>^)+( 0)| is 0((t|x|)^/^) as t\x\ — > 0 in 

If in the integral representation (6.44), x G K" and mo ^ cq, mp ^ cq, 
then we obtain 



(27T)" jRn 

JB" 



as expected, because x+(C) + X-(?) = 1 for aU ^ G M" \ {0}. 

Now write the second integral in (6.44) as {b.£'tpf)_. Then 

{b-e^t)+{0) + (&.fV'?)-(0) = (6.V'?)(0) = 0, 

and as above, we obtain |(6.^'i/'t )-(2^) ~ (^■tV’?)-(0)l is 0((t|x|)^/^) as t\x\ 0 
in S',y/(R”+^) and \{b.£ijj^)-{x)\ is 0((t|a;|)“”) as t\x\ ^ oo in 5y'(K”+^). 

Because, {b.£tp^){x) = (6.^^^) + (a;) + {b.£tjj^)-{x) for all x G S'i//(K”+^), 
it follows that \{b.£’>p^){x)\ is 0((t|a;|)^/^) as t|a;| ^ 0 in S'i,/(K”+^) and 
\{b.iipf){x)\ is 0((t|a:|)“”) as t\x\ ^ oo in S',y/(R”+^). All constants we have 
calculated are proportional to the supremum norm ||&||oo of b on S',y(C"), so 
the convergence is uniform for ||&||oo < 1- n 

Because h^is decay 0{t\x\) as t\x\ ^ 0 in K” and ii^is expo- 

nential decay as t\x\ ^ oo in R", the estimate (6.43) may not be the best 
possible. 
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Theorem 6.23. Let 0 < v < tt/2. If b : S°(C") C(„) is a uniformly 

hounded holomorphic function, then there exists a left monogenic function 
function f : S'°(K”+^) ^ C(„), uniformly hounded on subsectors of 
such that b = f is represented by the Cauchy integral formula (6.24). Moreover, 
f is the left monogenic extension to of the restriction ofb toK"\{0}. 

Proof. For each G C” such that |Clc ^ (~oo,0], set = X-(C)IC|ce“'^''^ 
and for t > 0. A similar argument to the proof of Lemma 6.22 

shows that we may substitute <j) for ip and the same statement holds. The 
bound (6.38) now holds for x G Cji when <p is substituted for ip, because in 
formula (6.39) for {bcpt)", the expression e+{—x, () is replaced by e_(— x, () for 
all {x,m) > 0 and f G Set 

pOO ji 

f{x) = 4y^ {{b.eip‘^){x) + {b.e<p^t){x)) (6.50) 

Then according to Lemma 6.22 and its analogue when ip is replaced by </>, the 
decay estimates (6.43) ensure that the integral converges absolutely for all 
X G S'°(K”+^) and / is a left monogenic function in S'°(K"+^), because b.iipf 
and b.£(pf are both left monogenic functions there. If cc G K" \ {0}, then we 
have 

pOO l! 

f{x) = 4b{x) {ipt(x) + (pt{x)) — 

/*00 7 . 

= Ah{x) / {x+{x)+X-{x)){t\x\fe-‘^^''^'' — 

pOO 

= 4h{x) / te~^*dt 

Jo 

= b{x). 



Here we have used the facts that x±{x) are projections and x+{x) + X-{x) = 1 
for each nonzero x G M". The uniformity of the decay estimates (6.43) for 
Halloo < 1 ensure that for every Q < v' < v, there exists Ci,/ > 0 independent 
of b, such that the bound |/(x)| < Civ'll 6||oo holds for all x G S'°/(R”+^). This 
complete the proof of Theorem 6.23. □ 

Remark 6.2Jf.. Formula (6.50) represents the inverse mapping of / i — > / de- 
fined by the Cauchy integral formula (6.24) with b = f. Another way of looking 
at (6.50) is to set 

L'{z) = 2{x?it(z)>oze ^ + XU(z)<oze^), z € S°(C). 

Then W'^{t)t~^ dt = W'^{—t)t~^ dt = 1. As noted in Section 6.3.1, the 

spectral projections X±(C] are associated with multiplication by i(p on the 
Clifford algebra C(„). Let be the function of C G C" defined by the functional 
calculus 
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no = = 'f(icic)x+(c) + 'f'(-icic)x-(o 



for multiplication by iC, and set 'ft(C) = '^(^C) for t > 0. Then formula (6.50) 
may be written as 

/■“, zodt 



We have shown that by multiplying a bounded holomorphic function 6 in a 
sector by a suitable holomorphic function if* with decay at zero and infinity, 
the product h.^ may be extended from K" \ {0} to a left monogenic function 
b-en for each t > 0 (cf. [73, p. 65]). Then we can integrate out the scaling 
factor t. 



It is plausible that similar techniques could be applied to domains other 
than sectors and other Hardy spaces of functions by using decompositions of 
functions other than in terms of trigonometric functions. In this context the 
work of M. Mitrea [78] on Clifford wavelets is especially relevant. 



6.5 The Monogenic Calcnlus for n Sectorial Operators 

Let 0 < w < 7 t/ 2 and let A be an n-tuple of operators uniformly of type w 
in the Hilbert space Ti. The elements of A do not necessarily commute with 
each other, so there is some ambiguity deciding what is actually a functional 
calculus for A. In the case that A consisted of bounded linear operators, we 
decided in Chapter 4 that for any polynomial p : C —>■ C and any vector 
^ G K", the function x i — > p{{x,^)), x G M", should be associated with the 
bounded linear operator p{{A, ^)) defined in the obvious way as a polynomial 
p of the single operator {A,^). 

In the present context, we have domain difficulties in forming polyno- 
mials of the unbounded operator (A,^). We can circumvent these by notic- 
ing that the unbounded linear operator (A, and the resolvent operators 
{XI — (A,^))“^ commute and 

(A, 0(A/ - (A, 0)-' = A(A/ - (A, 0)-' - / 

is bounded. Thus, if p is a polynomial of degree m = 1,2,..., then the function 
X I — > p{{x,^)){XI — (x,^))“™, x G K" is bounded as |a;| ^ oo and we can 
expect a reasonable symmetric functional calculus to assign the bounded linear 
operator 

p{{A,0){XI-{A,0)-^ 

to this function. 

Suppose that 0<w<p<7r/2 and / is a left monogenic function defined 
on the sector S'°(K"+^) such that for every 0 < v < p there exists Ci, > 0 
such that 

|/(a:)| xeS:{R-+0. (6.51) 
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Then by Lemma 6.6 and equation (6.14), the bound 

||G,(A)|j.|/(a:)| x = xoeo + x, 

holds for all x e S'°(]R”+^) n with lo <v' <v. 

Now if w < 6* < /i and 

Hg = {x & : X = xoeo + x, xq/\x\ = tan0}, 

then ||Ga;(A)|j.|/(a;)| = 0(l/|£c|”“^) as a; ^ 0 in iLg. Hence, the function x i — > 
Gx{A)n{x)f{x) is locally integrable at zero with respect to n-dimensional 
Lebesgue measure on ±Hg. Similarly, 

\\Gx{A)\\.\f{^)\ = 0{l/\xr+^) 

as |x| ^ oo in Hg, so x i — > Gx{A)n{x)f{x) is integrable with respect to 
n-dimensional Lebesgue measure on ±Hg. 

Therefore, we define 

f{A)= f Gx{A)n{x)f{x)dfj,{x). (6.52) 

JHg 

If ■(/; : R"+i \ {0} ^ C is a real-analytic function whose two-sided monogenic 
extension ipm to S'°(K"+^) exists and satisfies the bound (6.51) for all 0 < 
jz < /i, then ipm{A) is written just as tp{A). 

Theorem 6.25. Let A = (Hi, . . . ,H„) be an n-tuple of densely defined com- 
muting linear operators Aj : V{Aj) H acting in a Hilbert space H such 
that Df^iV^Aj) is dense in H. Suppose that 0 < oj < ^ and A is uniformly 
of type uj. 

If T = f(Hiei -I- • • • -I- AnCn) is a one-to-one operator of type oj acting in 
'H(n) o.nd T has an H°° -functional calculus, then the n-tuple A has a bounded 
H°° -functional calculus on S°{GA) for any u < v < tt/2, that is, there ex- 
ists a homomorphism b i — > b{A), b G iL°°(5°(C”)), from into 

£(„)(7f(„)) and there exists G,^ > 0 such that 

|16(A)|i <G,||&||oo for all 6 G iL“(5^(C”)). 

Moreover, if f is the unique two-sided monogenic function defined on the 
sector S'°(R"+^) such that b = f, as in Theorem 6.23, and f satisfies the 
bound (6.51), then b{A) = f{A) is given by formula (6.52). 

Proof. By assumption, the operator T has an iL°°-functional calculus, so there 
exists a function G H°° {S°{C)) satisfying conditions (6.7), (6.10) and (6.11). 
Our aim is to define b{A) for b G i7°°(S'°(C")), by the formula 

{b{A)u,v) = J (^{b(j)t){A)ift{T)u,'tpt{T)*v'^Y 
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for all u,v G The function (f) : S°{C^) ^ C is constructed from ip by 

setting 

</>(C) = = V'^(ICIc)x+(C) + V’^(-ICIc)x-(C), 

for all C € S'°(C"). Then for the choice of the function ij} described in the 
proof of Theorem 6.23, the holomorphic function (j)t defined for t > 0 by 
0t(C) = 4'{K) has the property that 

x\ — > b{x)(j)t{x), £cgM"\{0}, (6.54) 

has a left (and right) monogenic extension b -i 4)t to S'°(K”+^) with decay at 
zero and infinity, see Lemma 6.22. Hence {b(j)t){A) := {b ■£ 4>t){A) is defined 
by formula (6.52) and satisfies 

sup 11(6 ((it) (A) II < CII6IIOO- 

t>0 

By normalising 'll; so that 




= 1 



the desired functional calculus 6 i — > 6(A), 6 G H°° , is obtained. □ 




7 



Feynman’s Operational Calculus 



The Weyl functional calculus considered in the preceding chapters assumed 
symmetric operator orderings in operator products. This chapter is concerned 
with other choices of operator orderings achieved by applying an idea of R. 
Feynman. Time indices are attached to each operator, formal calculations are 
applied to the resulting operator valued functions, treated as if they com- 
muted, and then time-ordering is restored later with the assumption that 
operators attached to earlier times act first. We shall outline this idea in the 
present chapter with an additional ingredient of a family of probability mea- 
sures which index possible choices of operator ordering. 



7.1 Operants for the Weyl Calculus 

The term spectral theory has been used somewhat loosely so far. In the case 
that A = {Ai, . . . , An) is a commuting n-tuple of bounded linear operators 
acting on a Banach space X, such that the spectrum ij(Aj) of each operator 
Aj is contained in the real axis for every j = 1 , . . . , n, then it is known that 
the joint spectrum 7 (A) C M" of A coincides with alternative notions of joint 
spectra [76]. 

In the case that A = {Ai, . . . , An) is of Paley-Wiener type (s, r) for some 
s > 0 and r > 0, then according to Theorem 4.8, the joint spectrum 7(A) is 
identical to the support of the Weyl functional calculus Wa- 

In this section, the joint spectrum 7(A) is identified with the Gelfand spec- 
trum of a certain commutative Banach algebra, along the lines of [83], [4], in 
the case that A = (Ai, . . . , A„) consists of bounded selfadjoint operators; that 
this is possible under more general conditions is unknown, but the algebra of 
operants introduced by E. Nelson [83] serves to justify the term ‘spectral the- 
ory’ as used throughout these notes. The more general concept of an operating 
algebra has been studied by E. Albrecht [4] and is well-suited to the present 
context . 



B. Jefferies: LNM 1843, pp. 157-171, 2004. 
(c) Springer- Verlag Berlin Heidelberg 2004 
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7 Feynman’s Operational Calculus 



In the following, let 91 be a complex Banach algebra with unit Igi, let il be 
a commutative Banach algebra with unit In, let i? be a linear subspace of 91 
and let T : it ^ 91 a continuous linear mapping. The set of all permutations 
on n elements is denoted by ©„. 

Definition 7.1. A commutative Banach algebra it with unit In is called a 
T-operating algebra with respect to E and 91 if there exists a linear mapping 
~ : if — > it such that the following three conditions are satisfied: 

(7.1) The subalgebra of it generated by In and the range of ~ is dense in it. 

(7.2) T(ln) = liR. 

(7.3) For each n= 1,2,..., the equality 

T{xi ■ ■ ■ x„a) = aT{xi ■ ■ ■ i„) = T{x\ • • ■ Xn)a 

holds if a G if commutes with xi, . . . ,Xn G span({l 5 ^, E}). 

The Banach algebra il is called a faithfully T-operating algebra with respect 
to E and 91 if, in addition to conditions (7.1)-(7.3), the following condition is 
satisfied: 

(7.4) If a is an element of il such that T{a(i) = 0 for all /3 G it, then a = 0. 

If the linear map in condition (7.3) is given by 

T{^X\ • • * Xji) j- ^ ( ^7 t( 1) * * * ^7r(n) , 

7TG©n 

then il is called a symmetric operating algebra with respect to E and 9t 
The following properties of the maps T and ~ are immediate, see [4, p. 14]. 

(a) The mapping ~ in Definition 7.1 is injective and the identity 

T o~ = ids 

holds. 

(b) If ~ is continuous with ||~|| < 1 and if ||T|| < 1, then ~ is a linear isometry. 

(c) The set 91 = {a G it : T{a/3) = 0 for all /3 G it} is a closed ideal in il. 
The algebra ito = it/9t, endowed with the natural mapping induced by 
~ : if — > it and T : it — > 91, is then a faithfully operating algebra with 
respect to E and 91. 

(d) If a G if commutes with all a: G if, then T(a/3) = aT{P) = T{f))a for all 
/? G it. 

(e) If Ijx G if and if il is a faithfully operating algebra with respect to E and 
9t, then Itn = ly. 

The symmetric tensor algebra over E is denoted by Sq{E). The element of 
So{E) corresponding to cc G if is denoted by i. If a;i, . . . , G if and n G N, 
then the linear map Tq : S'o(if) ^ 91 is defined by 
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Tb(xi •••Xn) 



2 ^ ^7t( 1) * * * ^Tr(n)- 
7rG©n 



(7.1) 



Proposition 7.2 ([4, Proposition 3.3 (a)]). Any operating algebra il with 
respect to E and fH is isometrically isomorphic to the completion of a quotient 
algebra Six of Sq{E) endowed with some algebra norm. 

Proof. Let il be an operating algebra with respect to E and 91. By the univer- 
sal property of the symmetric tensor algebra, there exists a unital algebraic 
homomorphism h^ : So{E) ^ il such that hix{x) = x for all a: G if. Set pu{a) 
equal to ||hii(a)||u for a G So{E). Then pu is a sub-multiplicative seminorm 
on So{E) and there corresponds an algebra norm on the quotient algebra 
5'ii = So{E) / pfj^^ (0) . Endowed with this norm, Su is isometrically isomorphic 
to the normed subalgebra of il algebraically generated by In and the range 
of the linear map ~. Hence, by (7.1), the completion of Su is isometrically 
isomorphic to il. □ 

Conversely, suppose that T : S'o(E) — > 91 is a linear mapping satisfying 

(7.2') T(l) = IfR and 

(7.3') for each n = 1,2,..., the equality 

T{xi ■ ■ ■ x„d) = aT{x\ ■ • ■ Xn) = T{xi • • • Xn)a 



holds if a G if commutes with xi, . . . ,x„ G span({l, E}). 

If p is a submultiplicative seminorm on S'o(if) such that T is p-continuous, then 
T induces a continuous linear map on the completion ilp of Sq{E) / p~^{0) 
with respect to the norm induced by p. Then ilp is, in a natural way, a Tn^- 
operating algebra with respect to E and 91. 

The complete symmetric tensor algebra S{E) is the completion of Sq{E) 
with respect to the algebra norm || • defined by 



||a||^ = inf |a| + ^||xj-,i||OT---||a;y,„J|3i 

I 

The infimum is taken over all representations of a G So{E) of the form 

n 

Oi — a A ^ ( ^ 1,1 ' * * ^j.mj 
1=1 

with a G C, n, mi, . . . , m„ G N, and xj^k G E for all j = 1, . . . , n and k = 
1, . . . , mj. The canonical maps": E So{E) and Tq : <S'o(if) ^ 91 induce the 
maps ~ : if — > S{E) and T : S{E) ^ 91 by continuity. 

Another example where E consists of the linear subspace of £(Lp([ 0, 1])) 
consisting of multiplication operators plus Volterra integral operators is con- 
sidered in [4, Proposition 3.11]. In this context, it is more natural to take a 
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submultiplicative seminorm v on So{E) which is different from the projective 
norm || • Htt to obtain a symmetric operating algebra. 

As noted by Nelson [83, Theorem 1], the functional calculus obtained from 
the complete symmetric tensor algebra S{E) gives nothing of interest, by 
contrast with 

Definition 7.3. Let S{E) be the complete symmetric tensor algebra over E 
and suppose that T : S{E) — > 93 is the continuous linear map induced by the 
linear map Tq defined in equation (7.1). 

Let 91(if) = {a G S{E) : T{a(3) = 0 for all [3 € S{E)}. The algebra ii{E) 
of operants of E is the quotient algebra ii{E) = S{E)/‘3fl{E) of S{E) with 
91(£;). 

As noted in (c) above, it follows that il(A) is a faithfully operating algebra 
with respect to E and 91. Also, by (b), the map ~ : E ^ ^(A) is a linear 
isometry. 

For an n-tuple A of selfadjoint operators (Ai, . . . , A„) acting in a Hilbert 
space H, E. Nelson [83, Theorem 8] showed that the joint spectrum of 
Ai, . . . , A„ in the algebra of operants ii{E) is the support of the Weyl func- 
tional calculus for A. Here E is the linear span of idn and Ai, . . . , A„ and 
93 = C{H). This actually follows from general facts about (non-analytic) 
functional calculi of operators [4, Theorem 5.10]. The essential point is that 
Ai , . . . , A„ are also hermitian elements of the Banach algebra it of operants 
over E [4, Corollary 5.8]. 

Another point of contact of these notes with the work of E. Albrecht [4] is 
the noncommutative Shilov idempotent theorem [4, Theorem 4.1]. A version 
of this for n operators satisfying the spectral reality condition (4.10) is proved 
in Theorem 4.27 using techniques of Clifford analysis. 

It would be interesting to know whether or not the joint spectrum 7 (A) of 
an n-tuple A = (Ai, . . . , A„) of bounded linear operators acting on a Banach 
space is equal to the the joint spectrum of Ai , . . . , A„ in the algebra of operants 
il{E) just under the spectral reality condition (4.10). 

Other candidates for linear maps T : So{E) 93 satisfying (7.2') and 
(7.3') arise from Feynman’s operational calculus considered in Section 7.2 
below. It is not known whether or not the associated joint spectrum y^(A) 
can be identified with the joint spectrum of Ai, . . . , A„ in some algebra of 
operants. 



7.2 Feynman’s ^-Operational Calculus for n Operators 

The motivation for studying Feynman’s /^-operational calculus comes from 
perturbation series expansions for Wiener and Feynman integrals [61, Chapter 
15]. More generally, ‘disentangling’ formal expressions like 
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exp|-to + J /3i(s)/ii((is) H h J /3„(s)^„(<is)| (7.2) 

leads to the solution of operator equations involving the ‘time-ordering 
measures’ fii, . . . , Hn which represent the possibility that the perturbations 
/3i, . . . , /3„ can be switched on and off at varying times [61, Chapter 19]. From 
a mathematical point of view, it would be better to represent the terms in 
the exponent of the formal expression (7.2) in some commutative Banach al- 
gebra along the lines of the preceding section. In this section, a commutative 
Banach algebra much larger than would be desirable is used to examine the 
combinatorial aspects of a functional calculus for n bounded linear operators 
determined by n ‘time-ordering measures’ fj-i, . . . , fXn- 

We first define two commutative Banach algebras A and D for our func- 
tional calculus. The Banach algebra D plays the role of the algebra of operants 
in Section 7.1 and A is the initial domain of the functional calculus defined by 
‘disentangling’ expressions in D determined by the ‘time-ordering measures’ 
fxi, . . . , fXn- In accordance with the theme of these notes, the functional cal- 
culus is expanded from A to a far richer domain of functions defined in a 
neighbourhood of the spectrum. 

For a positive integer n and positive numbers ri, . . . , r„, let A(ri, . . . , r„) 
or, more briefiy A, be the space of complex- valued functions (zi, . . . , z„) i — > 
/(zi, . . . , z„) of n complex variables, which are analytic at (0, . . . , 0), and are 
such that their power series expansion 

OO 

/(zi,...,z„)= ^ c„„....^„zr---C" (7.3) 

converges absolutely, at least on the closed poly disk jzij < ri, . . . , |z„| < r„. 
Note that any entire function of n complex variables belongs to A(ri, . . . , r„) 
for all positive numbers ri, . . . , r„. For / S A(ri, . . . , r„) given by (7.3), we 
let 

OO 

ll/ll = II/IIa(.,......„) := E (7.4) 

mi . .,mn=0 

The function on A(ri, . . . , r„) defined by (7.4) makes A(ri, . . . , r„) into a 
commutative Banach algebra under pointwise operations. 

We turn next to the Banach algebra D. Let X be a Banach space and let 
Ai, , An be nonzero bounded linear operators X. Except for the numbers 
jjAijl, . . . , ||A„||, which will serve as weights, we ignore for the present the na- 
ture of Ai, . . . , An as operators and introduce a commutative Banach algebra 
consisting of ‘analytic functions’ f{Ai , . . . , A„), where Ai, . . . , A„ are treated 
as purely formal commuting objects. 

Consider the collection D = D(Ai, . . . , A„) of all expressions of the form 

OO 

/(Ai,...,i„)= E C„,u...,mJr---A^' 

mi,...,rrLn—0 



(7.5) 
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where G C for all mi, . . . ,mn = 0, 1, . . . , and 



\\f{Ai, . . . ,A„)\\ — ||/(^l, ■ • ■ , ^n)||D(Ai,....A„) 

:= \c^,_mJ\\Ai\n---\\A„\r’^ <oo. 

The function on D(Ai, . . . , An) defined by (7.6) makes D(AIi, . . . , An) into 
a commutative Banach algebra under pointwise operations. In fact, if we take 
Tj = llAjll for j = 1, . . . , n, then D(Ai, . . . , A„) is obtained from A(ri, . . . , r„) 
simply by renaming the indeterminates; hence, D and A are isometrically 
isomorphic in a natural way as Banach algebras. 

We refer to D(Ai, . . . , An) as the disentangling algebra associated with the 
n-tuple {Ai , . . . , An) of bounded linear operators acting on X . 

Let Ai, . . . , An be nonzero operators from L{X) and let be 

continuous probability measures defined at least on ,8[0, 1], the Borel class 
of [0, 1]. The idea is to replace the operators Ai, . . . , with the elements 
Ai, . . . , An from D and then form the desired function of Ai, . . . , A„. Still 
working in D, we time order the expression for the function and then pass 
back to £{X) simply by removing the tildes. 

Given nonnegative integers mi, . . . , m„, we let m = mi + • • • + m„ and 

P™i’-’™»(zi,...,z„) = zr---C”- (7.7) 

We are now ready to define the disentangling map which will 

return us from our commutative framework to the noncommutative setting 
of £{X). For j = l,...,n and all s € [0,1], we take Aj(s) = Aj and, for 
i = 1, . . . , m, we define 



{ Ai(s) if t G {1, . . . ,mi}, 

A2(s) if i G {mi + 1, . . . , mi + m 2 }, 

: : (^-8) 

An{s) if f G (mi + h m„_i + 1, . . . , m}. 

For each m = 0, 1, . . . , let Sm denote the set of all permutations of the integers 
{!,..., m}, and given tt G Sm, we let 

^mix) — {(^1; • ■ • ; ^m) G [0, 1] : 0 < < * • * < S^{^m) ^ !}• 



Definition 7.4. ■™»(ii, . . . , i„)) := 

^ ^ / ^7r(m) (^7r(m)) ‘ * * ^7r(l) (.^7 t(1))(Mi ^ *** ^ Mn ) (^.^1 , • ' • , dSn) • 

TreS™ 

(7.9) 
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Then, for f{Ai, i„) G D(yli, . . . , A„) given by 

OO 

^ (7.10) 

we set (/(-4i, . . . , An)) equal to 

OO 

^ . (7.11) 

mi . .,mn=0 

In the commutative setting, the right-hand side of (7.9) gives us what we 
would expect [48, Proposition 2.2]. 

As is usual, we shall write the operator in place of (x) 

for an element x of D(Ai, . . . , A„). The mapping 

/ -- ■ • ■ ,^)), / G a(||Ai||, . . . , ||A„||) 

into C{X) is a functional calculus in the loose sense used in these notes. Here 
we are identifying A(||Ai||, . . . , ||A„||) with D(Ai, . . . , A„). 

We shall sometimes write the bounded linear operator 

as ffxi,...,fi„(Ai , . . . , An). In particular, 

PZA'TM) = (p^^-^AAu ■ • . , i„)) . (7.12) 



The following exponential estimate similar to Definition 2.2 for the Weyl 
functional calculus was used in [50] to obtain a larger domain for the functional 
calculus. Under this underlying assumption, many of the arguments for the 
Weyl calculus also hold for Feynman’s operational calculus. 

Definition 7.5. Let Ai, . . . , A„ be bounded linear operators acting on a Ba- 
nach space X. Let /x = (/Xi, . . . ,/x„) be an n-tuple of continuous probability 
measures on B\f>, 1] and let 

:D(Ai,...,A„)^£(A) 

be the disentangling map defined in Definition 7.4. If there exists C,r,s > 0 
such that 

l|7;i....,^„(e*<^’^>)||c(x)<C(l+|C|)^e’'l^«', for all C G C", (7.13) 

then the n-tuple A = (Ai, . . . , A„) of operators is said to be of Paley- Wiener 
type (s,r,/x). 
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As might be expected, bounded selfadjoint operators exhibit stability un- 
der disentangling, facilitating the passage to unbounded operators required 
by quantum theory [61]. 

Theorem 7.6. An n-tuple A = (Ai,...,A„) of bounded selfadjoint oper- 
ators acting on a Hilbert space H is of Paley- Wiener type (0,r, /x) with 

r = (jjAilp H h ||A„|p) , for any n-tuple /x = (^i, . . . ,/x„) of contin- 

uous probability measures on B[0, 1]. 

Proof. To see this, note that for each x € D(Ai, . . . , A„), the mapping 
(/xi, . . . , yx„) I — > 17^1,..., a; is continuous for the uniform operator topology 
of C{H) and weak convergence of measures [62, Theorem 3.1]. The n-tuple 
(/ii , . . . , Hn) can be approximated weakly by n-tuples of continuous measures 
with alternating support for which formula [50, Equation (2.8)] applies. □ 

The difference between the Weyl calculus considered in Chapter 4 and 
Feynman’s /x-operational calculus is best illustrated by a simple example in- 
volving Pauli matrices, see Example 4.1 for comparison. 

Let S{fj,) denote the support of a measure /x. If A and B are two subsets 
of K, we write A < i? if a < 6 for all a G A and b G B. 

Example 1.1. Suppose that /x and v are Borel probability measures on [0, 1] 
such that S'(/x) < S(y). The operator norms of the Pauli matrices ai and (J 3 
are equal to one, so by [49, Corollary 4.4], if f G A(l, 1) has a power series 
expansion f{zi,Z 2 ) = Z)mi.m 2 =o then we have 



00 

fu,i^{<Ji,cr3) = ^ (7.14) 

mi ,7712—0 

This is in accordance with the idea that CTi always acts before < 73 , because the 
support of the time-ordering measure /x associated with cti lies to the left of 
the support of the time-ordering measure n associated with 73 in the time 
interval [0, 1]. 

Let Zq be the nonnegative even integers, and let Z\ be the nonnegative 
odd integers. The matrices cri,a3 satisfy = cr| = Id, so the sum (7.14) 
becomes 

f ) <73) = E C-rrii ,7712 Id E C-TTLi ,7712 ^ 1 

(mi ,m2)G^o X -^0 (mi ,m2)G^i X Zq 

^ ^ ^ 771,2 (T3 “h ^ ^ ^7772 

(mi,m2)GZoxZi (mi ,m2)GZi x Zi 

= i (/(i, 1) + /(-i, 1) + /(i, -1) + /(-i, -1)) Id 

+ i(/(l, 1 ) - /(-l, 1 ) + /(l, - 1 ) - /(-l, -l))ai 
4-i(/(l, 1) + /(-1, 1) - /(I, -1) - /(-I, -l))fT3 
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+ -(/(!, 1) - /(-1, 1) - /(I, -1) + /(-I, -l))asai 






(7.15) 



j,k=0 

the matrices Pj,k,j, fc = 0, 1 in (7.15) are projections given by 



P0,0 I Q Q 






0 0 
1 1 



Pi,o = 



1 -1 

0 0 



Pi,i = 



0 0 

-1 1 



Note that the right-hand side of equation (7.15) makes sense if / is any 
mapping from 



Iti, ‘'{enters) ■■= {-1, 1} X {-1, 1} = ct(cti) X ( 7 ( 0 - 3 ) 

into C. The optimal domain of the functional calculus associated with the pair 
(n,v) of probabilities, and the pair of 2 x 2 matrices is therefore the 

set of all functions from 7 ,^,;y(( 7 i, (T 3 ) to C, rather than the much smaller set 
A(l, 1). The functional calculus / //x,i/(( 7 i, (73), / G A(l, 1), is the restriction 

to A(l, 1) of the matrix valued distribution 

= ) E «((-.). ,(-i)‘)C« (716) 

j,k=0 

of order zero, whose support is the set 7 /i,;y(o-i, CT 3 ). Here 6a is the unit point 
mass at a G C^. Explicit calculations of this sort cannot usually be done. 
Because of the absence of symmetry, need not be an hermitian 

matrix for real valued functions /. By contrast, it follows from Example 4.1 
that the support of “ ^(< 71 . 173 ) i® closed unit disk centred at zero. 



7.3 The ^-Monogenic Calculus for n Operators 

The purpose of the remainder of this work is to identify the support 7 ^(^) 
of the /x-functional calculus for an n-tuple A of bounded operators on X 
satisfying (7.13) with the set of singularities of a certain monogenic function 
taking values in the Banach module £(„)(X(„)) - the Cauchy kernel G^( • , A) 
associated with A and /x. The argument is analogous to that of Chapter 4 for 
the Weyl functional calculus. 



The /X- Cauchy Kernel for an n-tuple of Operators 

Let /X = (/xi, . . . , /x„) be an n-tuple of continuous probability measures acting 
on [0, 1]. Let A = (Ai, . . . , A„) be an n-tuple of bounded operators of Paley- 
Wiener type (s, r, /x) acting on a Banach space X. 
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The nonempty compact subset jfi{A) of K" and Feynman’s /x-functional 
calculus ■ f ' — f G is defined as in Chapter 

2. Here the £(X)-valued distribution is the Fourier transform of ^ i — > 

^ G M”. The bound (7.13) and the Paley-Wiener 
theorem Proposition 2.1 shows that has compact support 7 ^(A). 

The set K" is identified with the subspace {a; G : xo = 0} of K"+^. 
The algebraic tensor product .7 >,a /(„) : C'°°(P)(„) ^ £(„)(i7(„)) of 

with the identity operator /(„) on F(„) is also denoted just by J^fi,A- Here 
V is an open neighborhood of JuiA) in K"+^ and C'°°(P)(„) is the locally 
convex module obtained by tensoring the locally convex space C°°{V) with 
F(„), as mentioned in Chapter 3. The mapping : C°°{V) ^{H) is 

defined by applying to the restriction of functions / G C°°{V) to the 

open subset V CM” of K”. The map 1 F^,a : £(„)(i7(„)) is a 

right module homomorphism. The symbols T^^A{f) and (A) are used 

interchangeably. 

The support jfi{A) := supplF^_A of the distribution 1 F^,a, is a nonempty 
compact subset of K" (independently of the particular meaning attached to 
it above). Let U be an open neighborhood of 7 ^ (A) := supplF^^A in R" and 
suppose that the function f : U ^ C is analytic. Let / be a left monogenic 
extension of / to an open neighborhood of U in M"+^. Then according to the 
definition of (/)^(A), the equality (f)f^{A) — /a»i,.. (A) 0 /(„) is valid. The 

Weierstrass convergence theorem for monogenic functions [19, Theorem 9.11] 
ensures that the Feynman calculus 1 F^,a : M{'ji^{A),¥i^n)) J^(n) {H{n)) is a 

continuous module homomorphism. 

Suppose that / is an analytic F- valued function defined on an open neigh- 
borhood of zero in K" and the Taylor series of / is given by (3.3). Then the 
unique monogenic extension / of / is given by (3.4). 

Let be monogenic polynomials defined by (3.5). For any ordered 

set (Zi, . . . , Ik) of k integers belonging to {1, . . . , n}, set 

(7.i7) 



The polynomial . . . , H„) is understood to be formed in the 

disentangling algebra D(Hi, . . . , H„) by replacing the monogenic functions Zj 
in (3.5) by Aj for each j = 1, . . . ,n. Then we have 

where the sum is over all distinguishable permutations of (Zi, . . . , Ik)- Suppose 
that for each j = 1, . . . , n, the index j appears exactly kj = 0, . . . , n times 
in the Zc-tuple (Zi,...,Zfc). Then k = k\ + ■ ■ ■ + kn and there are kii-'k ! 
distinguishable permutations of (Zi, . . . , Ik). It follows that 
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1 



fci! •••*„! 
1 

fci! •••*„! 



Iki 7fc„ 

) 






The operators are given by formula (7.12). 

The equality 



/mi , . . . ,/J-TT, (^) 



E 



E 






fc =0 \{h,...,lk) 



(7.18) 

(7.19) 



(7.20) 



holds if (3.3) converges in a suitable neighborhood of 

The monogenic expansion of a function about a point need not converge 
over all of 7 ^ (A), in which case the Cauchy integral formula is useful, as for 
the Riesz-Dunford functional calculus for a single operator. Moreover, when 
the Feynman functional calculus for A is not defined, the Cauchy integral 
formula can be used to define functions of the n-tuple A, see Chapter 4 for 
the case of the Weyl calculus. 

For any w G M"+^ not belonging to 7 ^ (A), there exists an open neighbor- 
hood of JiifyA) in such that the F(„)-valued function 



X I — > G(w, x) 



1 OJ — X 



for each x ^ oj belongs to C°°{Uuj)(n)- Then G^(w, A) := ■ )) may 

be viewed as an element of £(„)(A(„)) for each lo G K"+^ \ 7 ^(A). 

According to Proposition 4.2 and Theorem 4.4, the following analogues of 
Corollaries 4.3 and 4.5 are valid. 



Proposition 7.8. The £(„) {X(^n)) -valued function w 1 — > Gf_i{LO,A) is left 
and right monogenic in \ y^(A). 

Proposition 7.9. Let G be a bounded open neighborhood of jfj,{A) in 
with smooth boundary dC and exterior unit normal n(w) defined for all to G 
df2. Let pL be the surface measure of fl. 

Suppose that f is left monogenic and g is right monogenic in a neighbor- 
hood of the closure 17 = 17 U 917 of 17. Then 



J /Ti , . . .,/-tn 
Q , . . .,fln 




G^(w, A)n(w)/(w) dp{u), 
g{ijS)n{oj)G , A) dpi{oj). 



(7.21) 



The p-Monogenic Spectrum 

Let A be an n-tuple of bounded operators of Paley- Wiener type (s, r, p) acting 
on a Banach space A. If |w| > r, then the monogenic power series expansion 
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(4.8) of Gai{x) converges normally for all x € in the closed ball i?r-(0) 

of radius r centred at zero and also in According to the Paley- 

Wiener theorem [50, Proposition 3.3], the support 7 ^(A) of is contained 
in Br{0) n ({0} X K”). 

It follows from formulas (7.20) and the continuity of on C°° 
that 



k=0 \(/i,...,/C 

for all CO G M"+^ such that jwj > max{r, (1 + V^)\\ Lemma 4.7 

ensures that the sum (7.22)converges in £(„)(A(„)). 

We know from Proposition 7.8 that the function defined by formula (7.22) 
for all jwj > maxjr, (1 + v^)|j is actually the restriction of an 

£(„)(A(„))-valued function monogenic in K”+^\ 7 ^(A). The question remains 
as to whether there is a larger open set on which this function has a monogenic 
extension. 

The spectrum of a single operator T is the set of ‘singularities’ of the 
resolvent function A i — > (A/ — T)~^. Similarly, the ^-monogenic spectrum 
sp^(A) of the n-tuple A of bounded operators of Paley- Wiener type (s,r, /x) 
is the complement of the largest open set U C in which the function 

CO I — > Gfj^{co,A) is the restriction of a monogenic function with domain U. 
The proofs of the following statements follow the case for the Weyl calculus 
when the measure ^i, . . . , /i„ are identical and all possible choices of operator 
products are equally weighted. 

Theorem 7.10. Let A be an n-tuple of bounded operators of Paley- Wiener 
type (s,r, /x) acting on a Banach space X. Then sp^(A) = q^(A). 

Proof. We have established in Proposition 7.8 that sp^(A) C 7 ^ (A). Let 
X G sp^(A)‘‘, let U C sp^(A)'’ be an open neighborhood of x in M" and 
suppose that </> is a smooth function with compact support in U . 

Let x G X and x* G X*. A comparison with [19, Definition 27.6] 
shows that the F(„)-valued monogenic function co i — > {Gfj^{co, A)x,x*), co G 
\ supplF^^yi, is actually the monogenic representation of the distribu- 
tion (iPfi^AXjX*) : f I — > {Tfj,^A{f)x,x*) , for all smooth / defined in an open 
neighborhood of 7 ^(A). Then x*){G{uj, ■ )) = {Gfj,{co, A)x, x*} and by 

Theorem 3.3 and (T^,AX,x*){(j>) equals 

lim / [{G^{y + yoeo,A)x,x*)-{Gi,{y-yQeQ,A)x,x*)](t){y)dy. 
yo^o+ Ju 

Because u> i — > G^(w, A) is monogenic (hence continuous) for all co in U, the 
limit is zero, that is, {iFfj^^AX,x*){(f>) = 0 for all x G X and x* G X* and all 
smooth (j) supported by U. Hence x G 7 ^(A)‘‘, as was to be proved. □ 



G^{uo,A)=T^,a[G{co, •)) =E 
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Corollary 7.11. Let A be an n-tuple of bounded operators of Paley- Wiener 
type (s,r',pi) acting on a Banach space X. Set r = |i • Then 

< r and 



sp^(A)c cs.(o). 

Proof. Apply [50, Proposition 3.7] and invoke the equality sp^(A) = 

□ 



This estimate for the spectral radius (A) is better by a factor of -\/2 — 1 
than the one obtained from Lemma 4.7. 

Remark 7.12. As for the Weyl calculus, the Cauchy kernel u i — > G^(u;, A) is 
the monogenic representation of the distribution off '^^i{A) - the distri- 
bution represents the ‘boundary values’ on {0} x K" of the monogenic 

function 

cu ^ G^(u;, A), u e \ ({0} x 7^(A)). 

In the final part of these notes, we examine what can be said if a Paley- 
Wiener estimate (7.13) fails for an n-tuple A of bounded operators. Rather 
than a G°° -functional calculus like X/^^a, we could hope for a functional cal- 
culus defined for functions of n real variables analytic in a neighborhood of a 
nonempty compact set 7^ (A). At least this is the case for the Weyl functional 
calculus when all the measures p,j, j = 1, . . . ,n, are equal, see Chapter 4. 

Let A be any n-tuple of bounded operators acting on a Banach space X. 
Let be defined as in equation (7.17). Suppose that we set 

k=0 \{h,...,lk) 

for all oj e such that jwj > (1 -I- V2)\\ ^j^jW - The sum converges 

in £(„)(A(„)) because E^o E(q,....4) |W^L.../.(w)| ||V)(];;;'(^„(A)|| converges 
uniformly for [wj > R,uj G for each R > {1 + V^)]] EJ=i by 

Lemma 4.7. 

Each function is monogenic, so equation (7.23) defines a mono- 

genic £(„)(A(„))-valued function for all w G R”+^ such that jwj > (1 -I- 
\/2)|l Ej=i ^j^jW- It follows that the representation (7.21) is valid provided 
that the set fl in the statement of Proposition 7.9 contains the closed unit 
ball of radius (1 -I- '/2)\\ Ej=i ^j^jW centered at zero in However, this 

case is of little interest, because //ii,...,^„(A) can also be expressed by the sum 
(7.20). 

Although (7.23) makes sense for any n-tuple of bounded operators, the 
problem remains of enlarging the domain of definition of the monogenic func- 
tion defined by (7.23) to be as large as possible in a unique way, such as in 



G^{oj,A) = Y, 
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the case when the natural domain is connected or at least has no bounded 
component. 

The Paley- Wiener condition (7.13) guarantees the existence of a nonempty 
compact subset 7 /i(A) of M" such that the function uj i — > Gi_t{uj,A) has a 
monogenic extension to all of \ ({0} x 7 ^(xi)). If all the measures nj, 
j = I, ... ,n, are equal, then as described in Chapter 4, it suffices to assume 
the spectral reality condition (4.10). 

A general principle of operator theory is that resolvent estimates are equiv- 
alent to exponential estimates via the Laplace transform and its inverse 

(A/-T)-i= / e~^*e*'^dt, 

Jo 

e*'^ = ^ f {XI -T)-^e*^dX 

2tti Jq 

for a suitable contour C. Let ^ G K" be a unit vector. In our setting, the 
Paley-Wiener estimate (7.13) implies the resolvent estimate 

pOO 

IIUX-z(A,Or^L(x)= / dt 

•^0 £(X) 

pOO 

< / dt 

Jo C{X) 

pOC) 

<C e~*^^{l + tydt 
Jo 

= O ((3?A)-""^) as 3?A^0-h. 

A similar formula holds for 5RA < 0. 

The function A i — > 7)^(A — i(A, ^))“^ therefore has a unique analytic 

continuation from the set |a S C \ (iR) : |A| > ^ ^o all of 

C \ (iK). We adopt this conclusion as a definition in case the exponential 
bound (7.13) fails. The closed disk of radius r > 0 in C centered at zero is 
written as I?r- 

Definition 7.13. Let Ai,...,A„ be bounded linear operators acting on a 
Banach space X. Set r = ll^jlP) • Let /x = (^i,...,y^„) be an 

n-tuple of continuous probability measures on ,B[0, 1] and let : 

D(Ai,...,A„) ^ >C(A) be the disentangling map defined in Definition 7.4. 
We say that the n-tuple A = {Ai , . . . , A„) has real fi-joint spectrum if for 
each ^ G M" with |^| = 1, the function 

A^r^„...,^„(A-(i,?))-\ AgC\R, |A|>r, (7.24) 

is the restriction to C \ (D^ U K) of an analytic function on C \ K. 
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In view of the preceding discussion, we immediately have the following 
examples. 

Example 7.14- (i) Suppose that A is of Paley- Wiener type (s, r, fi). For ^ e M" 
and A e C with 9A yf 0, set 

pOC) 

R^{\, (i, 0) = -i / dt, 9A > 0, 

Jo 

pOC) 

{A, 0) = i / dt, TsX < 0. 

Jo 

Then A i — > i?^(A, {A, ^)), A € C\K, is an analytic continuation of the function 
(7.24). In the case that 9A > r, the equality 

pOO 

(A - {A, = -* / dt 

Jo 

holds in the disentangling algebra D(Ai, . . . , so 

r^(A - (i, 0)-i = ^ 

Similar equalities hold for 9A < — r. 

(ii) In case /ii = • • • = /x„, we drop the subscript pi and obtain the equality 

T(A- = (A/ - |A| > r, 

from [49, Remark 5.6]. Then A has real joint spectrum if and only if the 
spectrum cr((R, ^)) of the bounded linear operator {A,^) is real for every 
^ G K". The analytic continuation R( ■ , (A,Q) of the function (7.24) is given 
by R(A, (A,0) = (XI - (Al, ?))-\ for all A G C \ a((R,^). 

When A has real /x-joint spectrum, it remains to define the real /x-joint 
spectrum 7^ (A) of A and define a functional calculus for functions real ana- 
lytic in a neighbourhood of 7^(A) in M". This can be done along lines similar 
to the reasoning in Chapter 4 using the plane wave decomposition (4.16) of 
the Cauchy kernel G(uj,x). 
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